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Abstract

Although relativistic electrodynamics is more than 100 year old, there is one neglected topic in its presentation and
application: relativistic transformations of electromagnetic integrals. Whereas in theoretical and applied electrody-
namics electric and magnetic fields are mainly expressed in terms of integrals over charge and current distributions,
relativistic transformations are traditionally applied to point charges and elementary currents. The purpose of this
paper is to show that relativistic transformations can be easily applied to electromagnetic integrals and that rel-
ativistic transformation of such integrals constitutes a valuable method for solving a variety of electromagnetic
problems involving moving electromagnetic system. Six illustrative examples on relativistic transformation of elec-
tromagnetic integrals, including transformation of Maxwell’s equations in their integral form, are presented in this

paper.

1. Introduction ry”), represented by the Cartesian axes z, y, z, and an
inertial reference frame Y, represented by the Carte-
sian axes ', 3/, 2/, moving with velocity v = vi rela-
tive to X in the positive direction of their common zx,
z’ axis.

Relativistic transformations of electromagnetic
quantities is an important element of relativistic elec-
trodynamics. However, in standard presentations of
relativistic electrodynamics such transformations are
limited to electromagnetic quantities associated with
“relativistic particles”, which are usually rapidly mov- 2.
ing point charges. On the other hand, electromag-
netic theory deals mostly with electric and magnetic
fields associated with charge and current distributions.
These fields are usually expressed in terms of electro-
magnetic integrals. Quite clearly, manipulating elec-
tromagnetic integrals by means of relativistic trans-
formations should be a useful extension of relativistic
electrodynamics and should be preferably included in 1
standard courses on relativistic electromagnetism. Y= / Lav. (1)

This paper introduces six illustrative examples on dmeo J v
pap p

Illustrative examples on
relativistic transformation of
electromagnetic integrals
Example 1. The electric scalar potential of a sta-

tionary charge distribution p is represented by the
well-known equation

relativistic transformations of electromagnetic inte-
grals. In all six examples two inertial reference frames
are used: a stationary reference frame Y (“laborato-

Using relativistic transformation equations, convert
Eq. (1) into the integral for the magnetic vector po-
tential produced by a charge distribution moving with
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constant velocity v = vi.

Let a charge distribution p’ be at rest in the moving
reference frame Y’. The electric potential ¢’ produced
by p’ in this reference frame is given by Eq. (1) with
@, p, r, and dV replaced by the corresponding primed
quantities:

1 o
= = qv’. 2
14 4meg / /! (2)

Observed from the laboratory (reference frame ),
the charge distribution p’ moves with velocity v along
a line parallel to the x axis. Like all moving charges, it
creates a magnetic field. To find the associated mag-
netic vector potential, we transform Eq. (2) by us-
ing appropriate transformation equations listed in the
Appendix (these equations are identified by the prefix
“A”). However, first we express r’ and dV’ appearing
in Eq. (2) in terms of 2/, ¥/, and 2":

1
47T€0

p/ / / /
X/// @yt E WO

Since we are free to chose the time of observation
in the laboratory, we chose ¢ = 0 for simplicity[1]. By
Egs. (A4), (A2) and (A3) we then have

/

gp:

dx’ = d(vdx), dy' = dy, dz’ = dz. (4)

By Eq. (A17) (noting that there is no current in %'
where the charge is stationary) we have

p'=p/. (5)
By Eq. (A18) (noting that there is no magnetic vec-

tor potential in ¥/ where the charge is stationary) we
have

Ay =y’ /2. (6)
Substituting Eqgs. (4)—(6) into Eq. (3), we obtain

v
 dmegc?

8 /// [(yz)2 +py/27+ 2 d(yx)dydz

v
47raoc2

/// [22 + (y? +z 2) /4212 dadydz, (7)

172 =1-v2/c, (8)
we obtain upon simplifying the denominator of
Eq. (7), replacing dxdydz by dV, and replacing 1/eqc?
by po,

and since

_ oy p
T Ar r[l — (y2 + 22)v2/r2c2)1/2

av, —(9)

or

A, = HoV P

T dr ) [l = (12/c?)sin20)1/2 av, (10)

where 0 is the angle between the velocity vector v of
the moving charge distribution and the radius vector
r connecting dV with the point of observation. For the

y and z components of the vector potential we obtain
from Egs. (A19) and (A20)

Ay = A, =0. (11)

Example 2. The electric field of a stationary charge
distribution p is represented by the well-known equa-
tion

1
E= av. 12
47'('50/7‘3 ( )

Applying relativistic transformation equations to
Eq. (12), find the magnetic field produced by a charge
distribution moving with constant velocity v = vi.

As in the preceding example, let a charge distribu-
tion p’ be at rest in the moving reference frame X'.
Rewriting Eq. (12) in terms of its Cartesian compo-
nents and prime coordinates, we have for the electric
field produced by p’ in ¥’

1
E, =
r 47T€0
/// $12+y/2+ /2)3/2 dI/dy/dZ/, (13)
1
E, =
v 47’1’60
/// x12+y/2+ /2)3/2 d'r/dy/dzl’ (14)
1
E. =
? 471'50

/// 2 + y/2 + 2/2)3/2 dx/dy/dzl. (15)

For the time of observation in the laboratory we
chose as before ¢t = 0, so that Eq. (4) applies again.
Also, since there is no current in &', Eq. (5) applies. By
Egs. (A8) — (A10) (noting that there is no magnetic
field in 3’ where the charge is stationary) we have

B, =0, (16)

6 Duekrpomarnursbie SIBienunsi, T.6, Ne1 (16), 2006 r.
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B, = —wE./, (17)

B. =wE, /. (18)

Substituting Egs. (4), (5), (17), and (18) into
Egs. (15) and (14), we obtain

v
4dmegc?

/// (y222 -:ZW_,_ 22)3/2 d(yz)dydz, (19)

v
 dmegc?

/// (y22? +P£7+Z 2)3/2 d(yz)dydz. (20)

Rewriting Eq. (16) and simplifying Eqgs. (19) and
(20) just as we simplified Eq. (7) in Example 1, we
obtain for the magnetic field produced by a moving
charge distribution

B:

v p(1 —v?/c*)z
B, = d 22
Y Amr /r3[1 — (v2/c?)sin20)3/2 V. 2

fov p(1—v?/c*)y

B, =1~
ar | T3[1— (v2/2)sin20]372

av.  (23)

Example 3. Show that Gauss’s law for electric

fields
]{D.dsz/pdv (24)

is invariant under relativistic transformations.
First we apply Gauss’s theorem of vector analysis
to Eq. (24), transforming it into

/V~DdV:/pdV. (25)

Expressing V - D in terms of its Cartesian compo-
nents and making use of the relation D = ¢¢E, we
then write Eq. (25) as

0E, 0E, OFE,
80///(81’ + oy + 82) dzdydz
= ///p dxdydz. (26)

Let us now transform Eq. (26) to the moving ref-
erence frame Y’. Let the time of observation in X/ be
t' = 0. By Egs. (A1) — (A3) we then have
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dr = d(yz'), dy =dy', dz =dz'. (27)

Using Eq. (27) to replace dzx, dy and dz in Eq. (26)
by da’, dy’ and dz’, and using Eqs. (A21), (A24) and
(A25) to replace the derivatives with respect to z, vy,
z by those with respect to z’, 3/, 2/, we have

[]f (Les o
<0 v Ox' 2 Ot
0E, OE,
oy 5 ) d(ya")dy'dz’

_ / / / p d(vya)dy'd='. (28)

Replacing now E,, E, and E, in Eq. (28) (except
in the derivative with respect to time) by E;, E}, B.,
E!, and B, by using Egs. (A5), (A12) and (A13), and
replacing p by p’ and J, by using Eq. (A16), we obtain

/// 10E, voE,  10E,
€0 + —
v oz 2 Ot v Oy’
0B, 10F. 6By
+v ' + S Vo ) d(ya")dy' dz’

— /// (ip’ + ;Jx) d(yx")dy'dz', (29)

+

or

/ aE/ /
50///(8E”:+ +83E)dxdydz
+5oy///(
1 0F,

— / / !
5002J o ) d(vyz")dy'dz

= /// o dx'dy'd?’, (30)

Placing ¢¢p under the integral signs and using
goE = D and g0B = gouoH = (1/c?>)H, we have

! 6D’ !
(255 s
+V/// <028y _0282

19D, P
Jw— 2 o ) d(vyz")dy'dz

c2

= /// o dx'dy'dz’, (31)
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/V’ -D" av’
=G
—Jy— > d(yz")dy'dz'
= /p’ av’. (32)

However, by Eq. (27), d(vyz')dy'dz’ = dxdydz, by
Egs. (A24) and (A25),

at

8/0y’ = 9/dy, 0/0z = 0/0z,

and therefore, by Eq. (A31) the triple integral in
Eq. (32) is zero. We thus obtain

/ VD v’ = / o v’ (33)

and hence, by Gauss’s theorem of vector analysis,

7{ D - dS = / pdv’. (34)

Thus our relativistic transformations from ¥ to '
have not changed the form of Eq. (24). Hence Gauss’s
law for electric fields is invariant under relativistic
transformations.

Example 4. Show that Gauss’s law for magnetic
fields

j{B-dS:O (35)

is invariant under relativistic transformations.
First we apply Gauss’s theorem of vector analysis
to Eq. (35), transforming it into

/v-dezo. (36)

Expressing V - B in terms of its Cartesian compo-
nents, we then write Eq. (36) as

0B, 0B, 0B, _
///< Er + 3y + 9, > dxdydz =0.  (37)

Let us now transform Eq. (37) to the moving ref-
erence frame Y'. As before, we choose t' = 0 for the
time of observation in ¥'. Using Eq. (27) to replace dz,
dy and dz in Eq. (37) by d2’, dy’ and dz’, and using
Egs. (A21), (A24) and (A25) to replace the derivatives
with respect to x, y, z by those with respect to 2/, v/,
Z', we have

10B, v 0B,
G =%
0B, n 0B,

oy’ 0z

) d(yx")dy'dz" = 0. (38)

Replacing now B, B, and B, in Eq. (38) (except
in the derivative with respect to time) by By, By, E-,
B!, and E, by means of Egs. (A8), (A14) and (A15),
we obtain

10B., v JB,
G55
1 333/} v OF,

v oy oy

!
1 8B 14 8Ey> d(,yx/)dy/dzl — 07 (39)

+ v 02 2o

OB, 0B, 9B,
] (555w
aE 6Ey
02

—|— ) d(yz")dy'dz' =0, (40)

or

ot

and therefore

/V'~B’ dv’

G5

> d(yx')dy'dz' = 0. (41)

8t

However, by Eq. (27), d(y2')dy'dz" = dxdydz , by
Eqgs. (A24) and (A25), /9y’ = 0/0y, 8/9z" = 0/0z,
and therefore, by Eq. (A36), the triple integral in
Eq. (41) is zero. We thus obtain

/ V' -B' dV' =0 (42)

and hence, by Gauss’s theorem of vector analysis,
7{ B.dS = 0. (43)

Except for the primes, Eq. (43) is the same as
Eq. (35). Hence Gauss’s law for magnetic fields is in-
variant under relativistic transformations.

Example 5. Show that Faraday’s law

%Ewﬂ:f%/B-dS (44)

is invariant under relativistic transformations.
First we apply Stokes’s theorem of vector analysis
to Eq. (44), transforming it into

/ (V x E) / CBoas. (1)

In terms of its Cartesian components Eq. (45) is

8 Duekrpomarnursbie SIBienusi, T.6, Ne1 (16), 2006 r.
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OE. OB,
// (ay a) dydz
; //(fw
Z

i
o

) dxdy

/%

I

_ / / 5£Z drdy.  (46)

Let us now transform Eq. (46) to the moving ref-
erence frame Y'. As before, we choose t' = 0 for the
time of observation in ¥’. Using Eq. (27) to replace
dz, dy and dz in Eq. (46) by d2’, dy’ and dz’, and
using Eqgs. (A24) and (A25) to replace the derivatives
with respect to y and z by those with respect to y’
and 2/, we have

OF B 0E, L
//<8y’ Z/)dydz
OFE, OF, , ,
+//<az’ o > dz'd(yx')
0E, OE, o
+//< o 0y’> d(vz")dy

dy'dz

- //% dz'd(va")
7// a(ftz (va')dy'. (47)

Using now Egs. (A5)-(A7) to replace E,, Ey, E,
in Eq. (47) by the corresponding primed quantities
(except in the derivatives with respect to x), using
Eq. (A8) to replace B, by B!, and using Eq. (A22) to
replace 0/0t in the first term on the right of Eq. (47)

by the corresponding primed quantities, we can write
Eq. (47) as

OF., 0B, 0k, OBLN iy
// 8y v oy’ _782 AW yaz
OE. OE.\ .,.
+//(82’ &E)dzd(vx)
/
(25 s

/%
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OB, 0B,
:‘//( o "o )dy/d/

[ i
Ndy'. (48)

According to Eq. (42), taking into account that
Eq. (42) holds for any volume of integration and
that therefore V' - B’ = 0, the terms with 9B, /dx/,
0B, /0y’, and OB./0z" in Eq. (48) vanish, so that
Eq. (48) simplifies to

I (25
] (-8
] (25 -5) o

8 /
= —/ ('915’ Ly’ dz’
B 0By ., ,
// 5 dz'd(yz")
0B, no
- [ % dtanay. o)

Using Egs. (A7), (A6), (A9), and (A10), we can
write Eq. (49) as

[IG5 5 o
/ / [aE' E’a—fcuB’)} L)

I o

= —/ 8(,%// dy'dz
[ 2B D
// d(B., +1/E’/c ) Ay (50)

Dividing Eq. (50) by v and rearranging, we obtain

/ 3E’
J] (55 ) aves
8E’ OE, v OEN\] .,
//[ (a:ﬁc? at)]d““”
(9E/ v 8E; aE‘; L
//[( Tz at)‘ay’}d”y
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_ aBgc ’a
B / v W
aB’ 8B’
// ( ) dz'dx’
Oz
!/ !
// (83 BB ) dr'dy’, (51)
Oz
which, by Egs. (A21) and (A23), is
L 0k,
// <8E/ ) dy'dz’
! /!
// (3E OF, > 2o da’
0E, /
//( 8E > dx'dy’

oB, .,
—// BT dy'dz
8 I
. y
// 57 dz'dz’

!
_/ aa‘flz d /d / (52)

or, in vector notation,

0
/(v’ x E') - dS" = —/%B’-ds’, (53)
and, by Stokes’s theorem of vector analysis,
j{E’ dl = 0 B’ -dS'. (54)
ot
Except for the primes, Eq. (54) is the same as
Eq. (44). Hence Faraday’s law Eq. (44) is invariant

under relativistic transformations.
Example 6. Show that the equation

j{H~d1:/<J+§tD>~dS. (55)

is invariant under relativistic transformations.
First we apply Stokes’s theorem of vector analysis
to Eq. (55), transforming it into

/(VxH)~dS/(J+§tD)~dS. (56)

In terms of its Cartesian components Eq. (56) is

G

Hy ) dydz

//( a)"d””
Jf

) dxdy

:// (J +8§I> dydz
// (J +y) dzda
+// (Jz+3£Z> drdy.  (57)

Let us now transform Eq. (57) to the moving ref-
erence frame Y. As before, we choose t' = 0 for the
time of observation in ¥'. Using Eq. (27) to replace
dz, dy and dz in Eq. (57) by dz’, dy’ and dz’, using
Egs. (A24) and (A25) to replace the derivatives with
respect to y and z by those with respect to 3’ and 2/,
and using the relation D = ¢gE, we have

OH. OH,\ .,
//(ay az/) dydz
OH, OH.\ .,
+//<az’ agj)dzd(’yx)
oH, OH, o
o Jf (G- ) doaa

OF, Py
= J[ () e
OF ,
+// (Jer{-:oa;/) dz'd(va')
EZ / /
+// (JZ—FEOaBt) d(~vx")dy'. (58)

Remembering that B = poH, using Egs. (A8) —
(A10) to replace H,, Hy,, H, in Eq. (58) (except in
the derivatives with respect to z) by the corresponding
primed quantities, using Eq. (A26) to replace J, by J.,
and p’, using Eq. (A5) to replace E, by E., and using
Eq. (A22) to replace 9/0t in the first term on the right
of Eq. (58) by the corresponding primed quantities, we

can write Eq. (58) as

aH ! OE;,
/ / ( M002 oy

(225 o
oJf G =) o

= // [W(Jé +vp')

OF! OE!
+ €0 ( 8t’x —v 8;)] dy'dz'

10 Duekrpomarnursbie SIBienunsi, T.6, Ne1 (16), 2006 r.
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+// <J;+6oaa?> dz'd(vyz')
s [[ (e a) doaar. 6o

According to Eq. (33), taking into account that
1/poc® = eo, taking into account that Eq. (33)
holds for any volume of integration and that there-
fore V' D’ = /', and also taking into account
that D' = &E', the terms with dE,,/dz', OE, /0y,
OFE! /02" and p in Eq. (59) vanish, so that Eq (59)
simplifies to

I (25 i
//(W Y gt
S G-

OE!
:// ['yJ;—i—eO’yat,} dy'dz’
oF, , ,
+// (J;+anty) dz'd(yx")
+ / / (J;+508£Z> d(va)dy'. (60)

Dividing Eq. (60) by ~, taking into account that
B’ = yH’, and using Eqgs. (A10) , (A9), (A6), and
(AT), we can write Eq. (60) as

r OH!
(2
// 8H’ H;+VE;//L062)
ox

_VEz/:uOC ) OH!

//[ — ay’x] dz'dy’
/
:// (J,’J—l—soa;;z) dy'dz

O(E, + vB)
+// [Jg’/ +807yat] dz'da’

E. —-vB))

o [ [

Using the relations B = H/c? and 1/ugc? = e,
we next rearrange Eq. (61) into

> d(yz')dy'

] dz'dz’

} do'dy’.  (61)
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! 0H,

// <8H /> dy'dz’
OH! OH! v OH! o,
//{ - <8x+c2 c‘%ﬂ deidr

8H’ yaH:; aH:; P

I Gor v %) - 5|

OF!
:// (J;—i—go 815’) dy'dz’
J 3El 3E’ &'’
+// v\ Ty trgy )|
/ /
// [J' + oy <6E +v 88E )} dx'dy’. (62)

By Egs. (A21) and (A23), Eq

as
aH,’Z aH; Vi /
//(6;(/ — 8z’> dy' dz
! !
// <8H OH, > dz'dz’
8H’ !
//( _9H, ) dx'dy’

£’
:// (J;—i-eoaat/”“) dy'dz’
OFE!
+// <J:;+E()atly> dz'dx'
E/
+// <J;+5088tlz) do'dy’, (63)

or, in vector notation, remembering that eE = D, as

/(v’ x H') -ds’_/<J’+£,D’> -dS’,  (64)

and, by Stokes’s theorem of vector analysis, as

/
%H’-dl’:/(J’—kaa?)-dS’,

Except for the primes, Eq. (65) is the same as
Eq. (55). Hence Eq. (55) is invariant under relativistic
transformations.

. (62) can be written

(65)

3. Discussion

Examples 1 and 2 show the remarkable power and
utility of relativistic transformation equations. One
cannot help but to be impressed by the fact that
applying relativistic transformations to equations for

11
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the electrostatic potential and field we obtain equa-
tions for the magnetic vector potential and field [2],
although at first sight there appears to be no connec-
tion whatsoever between electrostatic and magnetic
quantities. Of course, the primary purpose of these
examples in this paper was to demonstrate relativis-
tic operations with electromagnetic integrals, and the
very impressive outcome of these examples should not
obscure their primary purpose. Still, one cannot ignore
the fact that obtaining the integrals for the magnetic
potential and field without using relativistic transfor-
mations is a rather difficult process [3, 4].

Examples 3 — 4, although not quite so impressive
as Examples 1 and 2, are nevertheless of considerable
significance. The reader has undoubtedly noticed that
Egs. (24), (35), (44), and (55) are Maxwell’s equa-
tions in their integral form. In Einstein’s famous 1905
paper [5] and in all early publications on relativistic
electrodynamics, only the invariance of the differential
form of Maxwell’s equations under relativistic trans-
formations was discussed or demonstrated. As far as
this author knows, all later and the most recent pub-
lications [6] on relativistic electromagnetism have ad-
hered to this custom. As a result, the students of rel-
ativistic electromagnetism receive an unavoidable im-
pression that relativistic transformations do not work
with equations involving integrals, and, in particular,
are not applicable to the integral form of Maxwell’s
equation. However, as it is shown in this paper, rel-
ativistic transformations work not only perfectly well
with electromagnetic integrals, but yield very gratify-
ing results specifically when applied to such integrals.

Appendix A

(a) Relativistic transformation equations
used in this paper [7]

z=y(z' +vt') (A1)
y=y (A2)
=2 (A3)

o' =(z — vt) (A4)
E,=E, (A5)

E, = (E!, +vB.) (A6)
E. =~(E. - vB) (A7)
B, =B, (A8)

B, =~(B, — vE./c*) (A9)
B. = (B, +vE,/c?) (A10)
t' =y(t —vz/c?) (A11)
1, A
E, = ;Eyjusz (A12)
1 /
E.=-E,—-vB, (A13)
v
B, =1p _up )2 Al4
v =3By v 2/c (A14)
1
B, = ;B; +vE,/c? (A15)
1 / 2
p=ort /) a (A16)
/ 1 2 /
Pr=or= (v/c) (A17)
Ap =9[4, + (v/P)¢'] (A18)
A, = A, (A19)
A, = AL (A20)

L2 e (A21)

) (2-02) e

ot at’ ox'
% =y (gt + ui) (A23)
o_o s
o 2 9
Jo =(J; +vp) (A26)

(b) Supplementary calculations

In Example 3 we encounter the integral

0H, 0H, D,
//< oy 02 —J — 5 >dydz. (A27)

Let us show that this integral is zero. Applying
Stokes’s theorem of vector analysis to Maxwell’s equa-
tion

12 Duekrpomarnursbie SIBienunsi, T.6, Ne1 (16), 2006 r.
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(A28)

0
Y{H-dlz/(J—&—atD)-dS,

we have

/(VxH)-dS:/(J—&-;D)-dS, (A29)

/(VXH—J—6D>-dS=0.
ot

Since Eq. (A30) holds for any surface of integration,
the integrand in it is zero. And since the integrand is a
vector, all its Cartesian components are zero. For the
x component of the integrand we then have

0H, 0H, oD,
//< oy 0 —Jz — 5 )dydz. (A31)

We shall also encounter the integral

0E, 0E, 0B,
— dydz.
/ / ( Oy 0z * ot ) ez
Let us show that this integral is zero.

Applying Stokes’s theorem of vector analysis to
Faraday’s law

or

(A30)

(A32)

0
fE-dl_—a/B-dS, (A33)
we have
/(VxE)-dS:—/%B-d& (A34)
or 8
/<VXE+&B).dso. (A35)

Since Eq. (A35) holds for any surface of integration,
the integrand in it is zero. And since the integrand is a
vector, all its Cartesian components are zero. For the
x component of the integrand we then have

OE, 0k, 0B, B
//<8y s + BN )dydz—().
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components of the better-known equation

A:@/idv,
T
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and Egs. (21) — (23) similarly reduce to the com-
ponents of

B*@ Jxr
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with J = pv.

See, for example, M. Mason and W. Weaver, The
Electromagnetic Field, (The University of Chica-
go Press, Chicago, Illinois, 1929) pp. 285-301.

For additional examples of transformation of elec-
tromagnetic integrals see O. D. Jefimenko, Elec-
tromagnetic Retardation and Theory of Relativ-
ity, 2nd ed.,(Electret Scientific, Star City, 2004)
pp- 171-175 and 176-178.

A. Einstein, “Zur Elektrodynamik bewegter
Korper", Ann. Phys. 17, 891-921 (1905).

Typical examples are W. G. V. Rosser, Inter-
pretation of Classical Electromagnetism, (Kluwer,
Dordrecht, 1997) pp. 355-382 and J. D. Jackson,
Classical Electrodynamics, 3rd ed., (Wiley, New
York, 1999) pp. 514-578.

For the derivation of these equations see, for ex-
ample, Ref. 4, pp. 148-158.
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