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Abstract

The transformation of a set of arbitrary ordinary differential equations (odes) in n-dimensions to a Hamiltonian
form is known as the Hamiltonization problem. A solution to this problem is found in the Lie-Ko6nigs theorem
which aims to solve the set of odes. In 1992, Volker Perlick (see ref. [3]), generalized the theorem using using
invariant differential geometrical terminology, but his results required, as do those of Lie and Konigs, the complete
solution to the set of odes. It was in 1996 (see ref. [12]) when Sergio Hojman essentially changed the situation of
the Hamiltonization problem by proposing a solution that does not require a complete solution to the set of odes,
thereby relaxing the conditions of the Lie-Konigs theorem. In this paper, we generalize the Hojman framework to
solve the local Hamiltonization problem without a full explicit solution for the set of odes, and we construct a new
Poisson tensor for the harmonic oscillator which was not obtained by Hojman.

1. Introduction a Hamiltonian formulation [11] for a set of odes in n-

dimensions defined by an arbitrary smooth vector field
The Hamiltonization problem is the question of X. This construction required an additional vector
whether or not an arbitrary set of ordinary differential field n and a first integral f of X related by the
equations (odes) admits a Hamiltonian formulation. In following equations (written in an invariant notation

1996 Sergio Hojman was able to succesfully construct
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not used by Hojman),

[an] = 0,

ixdf = 0 A)
or ¥ ¥
I = a I

[7Xd} = 0 (B)

where [,] is the Lie bracket, tx the contraction

operator and d the exterior derivative. The unknowns
in these equations are n and H with X a given data.
If we have 7 and H the Poisson tensor constructed

ANX
by Hojman is given by P = 0 and our odes
Lafm
d
V*E = 7, X, for any smooth curve =y, can be written
in the non-canonical Hamiltonian form,
d nAX
* 5, — V= P=- *
(ear X)n — (eagn) X
Ldfn

as required.

The Hojman construction is a novel solution to
an old problem in mathematical-physics known as
the inverse problem of the calculus of variations. To
obtain the Hamiltonian formulation, it was necessary
to use a regular Lagrangian formulation for the
odes (see [35-39]). This was the first answer to
the Hamiltonization question and can be found
in any standard textbook on classical mechanics
(for example [39]). Subsequently S. Lie [19] and
G. Konigs [28] were able to avoid the use of
a Lagrangian formulation by introducing integral
invariants and Pffaf’s reduction method of non-exact
1-forms (see [2,18] and [22]) in order to address
the question of Hamiltonization. This second answer,
known as the Lie-Konigs theorem (see section II,
below) requires a complete solution to the set of odes
in the form of m-integrals and can be found in E.
T. Whittaker “s classical treatise [1]. Finally, Hojman
developed what would become a third answer to the
question which required one integral of motion f and
a vector field n related by the equations (A) or (B).
Hence, in the later work of Hojman the conditions of
the Lie-Ko6nigs theorem are relaxed, because weaker
hypothesis are required.

The Lie-Konigs theorem and its applications to
mechanics were more or less ignored (see [3] and [34])
until 1992 when Volker Perlick, using a global
geometric formulation, was able to show that a
dynamical system admits a Hamiltonian formulation if
the underlying manifold admits a canonical symplectic
2-form (see proposition 2 in [3]).

Although he used a global geometric formulation,
Perlick did not relax the conditions of the theorem
because he used a complete solution to the set

of odes to obtain the Hamiltonian formulation. He
had a very powerful reason to doing this, because
many important theorems (the Darboux [5], the
Liouville [10], the flow box [33], and the symplectic
stratification theorem [5] theorems among others) are
proved using the supposition that we can construct
the complete solution to the odes in question.
Nevertheless, Perlick “s approach represents progress
regarding the Hamiltonization problem because of
his modern differential geometric techniques and
clarification of some underlying hypothesis.

Following Perlick, there have been several
interesting attempts to avoid the use of a complete
solution to the odes, such as in the work of Giimral
and Nutku [29] and Goedert, Haas, Hua, Feix and
Cairo [30]. Unfortunately, the manifold dimension
is restricted to 3 and the results are not general.
However, the results and geometrical framework
of Giimral and Nutku are closely related to our
approach, with the exception of our use of the dual
representation (see section VII of [29]).

The work of G. R. W. Quispel and H. W. Capel |31],
which treated the Hamiltonization problem in n-
dimensions (see [32] for their results using a nonglobal
differential geometric formalism), appears around the
same time as Hojman“s work. More recently, Torres
del Castillo and Mendoza Torres [6], have developed a
treatment of the problem which, although neglecting
the Darboux reduction hypothesis, requires non-
singular Poisson or symplectic tensors.

In this paper, our main objective is to generalize
the results of S. Hojman for finite dimensions using
modern differential geometric techniques in order to
solve the Hamiltonization problem with new and
weaker assumptions than Lie, Konigs and Perlick.
These new and weaker conditions are essentially
contained, but nor fully developed, in Hojman “s work
cited here. The generalization that we obtain can be
used to prove theoretical results such as a converse to
the symplectic stratification theorem (see [5] p. 302).

This paper is organized as follows: in section II we
explain the Lie-Konigs theorem in detail following the
Whittaker and the Perlick approaches, in order to
obtain the set of underlying theoretical hypotheses.
We then explain Hojman “s theoretical hypotheses and
introduce our theoretical approach to Hamiltonian
systems. In section III, we provide all necessary
definitions and provide a distinction of Poisson tensors
using rank conditions. In section IV, we begin to
treat the almost-Poisson case, establishing the most
elementary results. We present the pre-Poisson case
and equations (42a—d) in section V which represent
the generalization of Hojman “s theory.

We begin with a discussion of two important
conditions in the theory of Poisson manifolds
indicating that they are in fact independent
conditions. Although not wusually found in the
literature, we require this indication to motivate some
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of the results. We also introduce the notion of "pre-
Poisson” tensor again using a distinction based on
rank conditions. Finally, in section VI, we establish
the Hamiltonization problem and its solution using
equations (42a—d). We offer an example using the
harmonic oscillator through which we obtain a Poisson
tensor not previously obtained by Hojman in [11]. Our
conclusions are presented in Section VII.

2. The Nature of the
Hamiltonization Problem

In this section the theorems of Lie-Ko6nigs and
Hojman are introduced, explained and compared.

According to Whittaker (see [1] art. 116,117 and
118), the strongest and by far most difficult condition
to satisfy when treating the Hamiltonization problem
is that of solving the order n set of odes in order to
obtain a solution in an implicit form such as:

gl(xla "'7xn7t) =C1, “wgn(xla "'axnvt) = Cn, (1)

where {&1,..,&,} is a functionally independent set
of algebraic first integrals of motion, suitable for
writing down integral invariants and applying Pffaf
‘s reduction procedure. (See [18] chapter IV and [22]
chapter VI. For up to date information see [2] p. 77—
112).

If we have the set of integrals (1) for any
arbitrary set of time independent functions
N;, the associated integral invariant is I =

I3 Ni(&,...,&,)dE;, which can be transformed
i=1

n+1
into [ > Mj(x1, ..., Tn, Tpy1)dz; with ¢ = z,41and
j=1

0¢&;
Mj = ZNi(Sl(Ila"'7$n7t)5"'5§n(xla"'axnat))amz"

% J
Using this integral invariant as a starting point,
Whittaker applies Pffaf’s results on the reduction
of mnon-exact 1-forms to the integrand of the
integral invariant I to get a canonical 1-form

k
> pi(x)dgi(z) — dS(z) with k < n. Therefore, it is
i=1

p:)ssible to add [ functions uq,...,u; with k+1 =n
such that the differential equations are now:

dp; dg; .

Wi p, Y i1,k 2
dt a @ 2)
d’LLj .

Wi oy i=1,.0 3

At this point, the proof of the theorem is almost
finished and we refer to Whittaker (see [1] art.116).
The key moment of the proof of Lie-Konigs theorem
is the reduction of a non-exact 1-form to its
canonical form. This reduction process amounts to

n
the transformation of a non-exact 1-form . X,dz;
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k
to another 1-form Y U;du; with less variables, where
k=n/2if nis even, and k = (n+1)/2 if n is odd.

In 1992 Volker Perlick was able to prove (see [3])
that a dynamical system when treated in a global
perspective admits a Hamiltonian formulation if,
and only if, the manifold that supports the given
dynamical system has a canonical symplectic 2-
form. The global treatment has the advantage of
pointing out what is at stake in the Hamiltonization
problem by presenting the analytic framework in
full detail, placing the hypotheses of an underlying
canonical symplectic structure in its key position
as the necessary and sufficient condition for the
resolution of the question.

For Perlick’s global treatment, he starts with a
symplectic 2-form written in Darboux coordinates
with the main objective of providing a method
(practical —or theoretical) for obtaining the
Hamiltonian of the Hamiltonian formulation. This
is done because Perlick (see [3] def. 3) considered a
Hamiltonian formulation for a dynamical system to
require a pair < w, H >, where w is the given canonical
symplectic 2-form and H is the Hamiltonian.

Perlick’s method consists of obtaining a complete
explicit solution to the equations of motion, because
if:

w= Z dpi A dg; (4)
3

we need a solution to the odes in the flow-form:

Pi = Di(pirqist)
E: E(plaQMt)

to build a map F' such that:

F*w:w:Z(pi,qj)dEAd?j+0Adt. (6)
j

The parenthesis (p;, ¢;) indicate the Lagrange bracket.
If the flow (5) is a canonical flow defined in respect to
the underlying canonical symplectic form, we have:
(pi,»qj) = 6;;. Thus the integrability! condition over 6
is fullfilled and we find

> dpi A dg; + dH A dt. (7)

We then obtain a Hamiltonian formulation for
the equations of motion defined on a symplectic
manifold. Indeed, using Perlick “s terminology, we get
an equivalent Hamiltonian formulation as defined in
definition 5 of [3].

We see some differences in the methods described
above, particularly regarding the global treatment.

LA straightforward calculation shows that the integrability
condition is

0
i,q5) =0
875(10 )

and is therefore fullfiled in the canonical case.
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According to Perlick, we must start with a symplectic
2-form w and an unknown Hamiltonian H, so that
using a map F' we get the equivalent Hamiltonian
formulation < F*w,0 >. But Whittaker tells us that
we must start with a 1-form « and use a map h to
transform it into a canonical form h*a.

Locally, however, Perlick’s and Whittaker’s
approaches are related. Given a symplectic 2-form w,
it is clear that if we follow Perlick’s treatment, we
suppose that w is written in canonical coordinates.
Therefore, we apply the Darboux theorem (for a
proof of this theorem see [5] p.132 and p.306 or [17] p.
101) to some 2-form ® resulting in F*® = w. In these
coordinates we find, locally, a canonical 1-form [ so
that w = df. This is clearly the 1-form obtained using
Pffaf’s procedure, because if we apply this procedure
to the non-canonical 1-form « we get the canonical
1-form By = h*a from which we must obtain w = df.
This means df = dfy, hence § = h*a + ¢ with ¢
a constant. As we can see, both approaches must
locally give the same results.

The framework used by Perlick and Whittaker to
obtain a Hamiltonian formulation for a given vector
field consists of:

1. A canonical symplectic structure on the

underlying manifold obtained using Darboux or
Pffaf reduction.

2. An explicit solution (n integrals of motion) to the
dynamical system.

This framework is sufficient to achieve a
Hamiltonian formulation for a set of odes. Clearly, the
Hamiltonian is both functionally dependent on the
set of motion integrals, and is an integral of motion
itself as well.

In 1996 Sergio Hojman (see [11]) solved the problem
of constructing a Hamiltonian structure starting
from the equations of motion without a Lagrangian
formulation by using a non-global geometrical setting.
This is the Hamiltonization problem, and Hojman
solves it using an integral of motion H and a symmetry
vector field 7 of the equations of motion. Thus, if X is
the vector field that defines the equations of motion,
Hojman then shows that if we have: [, X] = aX or
[n,X] = 0 where [,] is the Lie bracket, we obtain
the Hamiltonian formulation. Hojman established the
new framework for the Hamiltonization problem as
follows: we must use non-canonical coordinates and
singular Poisson tensors. There is no reference to
Pffaf’s reduction procedure or Darboux’s reduction
of the non-canonical form to the canonical form. As
can be seen, this framework for the Hamiltonization
problem is new. The purpose of this paper is to further
develop this idea because there are two shortcomings
in Hojman “s paper:

a. Hojman does mnot wuse modern differential
geometric techniques

b. Hojman was not able to generalize his results for
[n, X] = an + bX.

These shortcomings can be applied mutatis
mutandis to [6,30-32].

If we use modern differential geometric techniques,
we are able to generalize Hojman’s results thereby
obtaining the generalization [, X] = an + bX, which
had been rejected by Hojman.

Hence this new "minimal framework” of hypotheses
is:

la. The vector field generator of the equations of
motion X.

2b. One vector field that forms a Lie algebra with the
vector field of the equations of motion.

3c. The use of the axioms for a Poisson manifold (see
def. 9, section V, below).

It is worth mentioning that for 3 dimensions, in the
work of Goedert, Haas, Hua, Feix and Cairo [30], only
hypotheses (1a),(3c) and a given constant of motion
are required. Using (1a),(2b) and (3c), we are able to
obtain a Hamiltonian formulation for any set of odes in
any dimension constructing a constant of motion and
a pre-Poisson tensor (see section V def. 9, below). The
hypotheses underlying (3c) were known to Lie (see [5]
p. 293-294 and [22] p. 237) and every Poisson tensor in
canonical form automatically satisfies the hypotheses.
Our case is more complex, however, because we are
not subject to the rank conditions of the canonical
Poisson tensor.

Once we have a clear framework of hypotheses,
we must obtain the geometrical framework. Roughly
speaking, the geometrical framework of this paper is as
follows (for definitions of all concepts see section III):

Every Hamiltonian system defined on the N
dimensional manifold M starts from codimension 1
codistribution D* that locally foliates M with N — 1
dimensional manifolds given by the condition H =
E for all regular values of E. On this basis, the
fundamental task is to define a distribution D that
locally foliates each leaf of D* with 1 dimensional
leaves . Clearly, D* is an a priori data when the
Hamiltonian is known and D is induced by the Poisson
tensor P. Therefore, key elements of the Hamiltonian
description of dynamics are:

- Codistribution D*.

- On each leaf of D* a 1 dimensional distribution
D induced by a Poisson tensor P.

These are all the elements needed for a
Hamiltonian description, and the Lie-K6nigs theorem
establishes the conditions for reducing D to a
canonical distribution Dj; when N codimension 1
codistributions Dj,..., D} are known through its
integral manifolds.
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D* is not given in our treatment; we must obtain it
by solving a differential equation. Over D* we build
a Poisson foliation on each one of its leaves using
only elements taken from the differential equations
themselves in a constructive manner, starting from
the less restricted almost-Poisson case (definition 4,
section IV below) and moving step by step to the
more restricted pre-Poisson manifold case. The final
results are found in equations (42a—d) of section V.
The solutions to these equations give us: the integral
of D* and a pre-Poisson tensor, which is in effect our
new solution to the Hamiltonization problem.

In the framework already outlined, it is not difficult
to see the motivation for a converse statement of the
symplectic stratification theorem. This theorem can
be stated as follows (see [5] p. 302):

Theorem 1.- If P is a finite dimensional Poisson
manifold, then P s the disjoint wunion of its
symplectic leaves. Fach leaf in P is an injectively
immersed Poisson submanifold and the induced
Poisson structure on the leaf is symplectic. The
dimension of the leaf through a point z equals the rank
of the Poisson structure at that point.

Hence a converse statement implicitly suggests: each
foliated manifold admits a Poisson structure on each
leaf. We shall prove this claim in section V.

3. Theoretical Framework

The objective of this section is to establish some
important definitions and terminology. We wish to
point out that our definition of distribution is taken
from Souriau [7] p. 38. Chevalley in ref [13] p. 86—
87, calls such an assignment a distribution of contact
elements, a name with some appeal, while Berndt
in [4] p. 57 coins the name c-dimensional differential
system. A brief discussion of the equivalence of several
definitions of the concept of foliation can be found
in [20]. We agree with Souriau on the first three
definitions, but not on his notation.

We also point out that our definition 4 is contained
in Oppenheimer s Festschrift issue [12] p. 575 of
1964 in a paper by Res Jost. In the non-holonomic
mechanics literature, for example [21] p. 1382, the
object introduced in definition 4 is called an almost-
Poisson structure. We follow this terminology for
the most general case of non-injectivity and non-
surjectivity of the tensor introduced (see [5] p. 57),
but we use the term ”Jost’s manifold” for the case
when the tensor is injective and surjective. Res Jost
was one of the first who observed that the closedness of
the symplectic form is equivalent to Jacobi s identity
for the Poisson tensor [15] p. 405. Incidentally, it is not
common to distinguish the Poisson tensors by rank
conditions.

Electromagnetic Phenomena, V.6, Ne2 (17), 2006

Def 1. Given a smooth N dimensional manifold M,
we say that the map D is a k-dimensional
“distribution” if, and only if, for each p € M we
have D(p) C T,M, where T,M is the tangent
space of M at p.

D defines a map of the form D : U C M — D(p) C
T,M and with the help of a distribution we attach
a subspace of TM to each point of M in a smooth
manner if each of the elements of D (tangent vectors)
is smooth.

There is an integer p such that p+ k& = N known as
the codimension of D. The dimension of D is its rank
and may change at each point because its base vectors
may become linearly dependent, but we shall suppose
that it is constant unless otherwise stated.

Def 2. We say that © C M is an "integral manifold”
of D if, and only if, for every p € © we have
1,0 = D(p).

Def 3. We say that the correspondence p — D(p) is
a "foliation” if, and only if, every p € M belongs
to an integral of D.

If D is a foliation of M with integrals ©1,...,0,,
using definition 3 we can therefore express M as the
following disjoint partition:

M = U o,. 8)

Clearly, a 1-dimensional foliation on a manifold M =
Re® is a smooth assignment to each of its points p of
a vector X (p). We then have: D(p) = span{X(p)} C
T,Re N,

If local coordinates of Re™ are < x1, ...,y >, the
1-dimensional foliation span{X (p)} is defined as the
following set of differential equations:

dxr i
dt

Any solution of (9) is a smooth path ~ obtained
with the help of an initial condition selected on
a transversal path to v and parametrized by a 1-
dimensional coordinate ¢t. We write (b1, ...,bn,t) =
~(b, t) to note the solution path selected by the initial
condition b and parametrized by ¢. For any constant
t = tg, the variable values of v(b,ty) generate a path
transversal to the solution path generated for constant
b = by and variable t. Thus we can write the following
decomposition for the manifold Re ™ as a result of the
1-dimensional distribution span{X}:

Re™ = ) (. 0)} (10)
bel; tels

where I; C Re¥and Iy C Re?. The |J {v(b,t)} union
tels
gives us a complete 1-dimensional leaf of {X} which

:Xi(fﬂl,...,l‘N),iil,...,N. (9)

27Re” means "Real line”, hence, obviously, Re! is a cartesian
product.
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we may call ©(b). These leaves are clearly integrals of
D. Therefore Re N is the disjoint union of each leaf of
span{X} as represented in (10).

Def 4. Vy is a N-dimensional almost-Poisson
manifold [22] if, and only if, M and P exist such
that:

iVy=<M,P >
ii M is a smooth n-dimensional manifold.

iii P is a smooth singular skew-symmetric 2-
contratensor.

This weak definition can be made stronger by
replacing (iii) with the following supposed condition
(we will call it (iii*)).

eeedk . . .
iii’ P is a smooth non-singular skew-symmetric 2-
contratensor.

If we use (iii") instead of (iii), we get a Jost’s
manifold V3. Every Jost’s manifold is of even
dimension, a restriction not shared by almost-Poisson
manifolds.

Def 5. D* is the dual distribution -or codistribution-
of D if, and only if:

i A smooth inner product is defined on the bundle
TM xTM denoted by:

g:TpM xT,M — Re.

ii Every element of D* is the result of the contraction
of g with an element of D:

D*={w|ixg=w,X € D}.

iii For every X € D and every w € D* we have txw =
0.

If the dimension of D is k, then the dimension of
D* is p = N — k which is the codimension of D. So,
the codimension of D* is k.

Not surprisingly, the elements of D* are 1-forms
or co-vectors, so, in fact, we have enriched the
geometrical framework with the use of a Riemann
manifold with metric g, and the inner products are
of the form:

yw =1y (txg) (11)

This is a double contraction with the metric tensor.

In addition, when we are on an almost-Poisson
manifold Vy, we have a skew-symmetric 2-
contratensorP : T*M x T*M — Re  defined over
cotangent spaces of covectors. When we contract P
with a covector, we get a vector which defines a map
T*M — TM. If this map is an isomorphism, we have
a Jost ’s manifold. If not, we have an almost-Poisson
manifold.

Def 6. A foliation is induced by a 2-contratensor P
if its leaves are integrals of the following vector
field:

twP (12)

where w € T*M and ¢ the contraction.

On almost-Poisson or Jost manifolds, we can induce
foliations by the tensor P.

Every element of a codistribution D* allows us a
different kind of foliation of the underlying manifold
M because, as is well known, when we can integrate
the differential equation w = 0, we get w = df. So,
using condition (iii) of definition 5, we know that the
vector field on the distribution D is tangent to the
N — 1 dimensional manifold ker) ' f = {x € M |
f(z) = a}. Thus this manifold is an integral, according
to definition 3 of distribution D, giving us another
decomposition of M dual to that of D.

Therefore, with the help of codistribution D* we
find:

M = LJkerflV_1 f (13)
and with the help of D we obtain the result:
kery ! f ={_JO(b). (14)
b

The use of ©% is required because when we change
level a, we change the initial conditions that define
the leaf ©. We shall introduce more definitions in the
following section, but only where they are required for
specific points.

4. The Almost-Poisson Case

In this section we prove some very simple results

for Hamiltonization in almost-Poisson manifolds. The
results of this section are not the solution to the
Hamiltonization problem because we do not introduce
the important Jacobi’s identity, but rather, describe
the steps which lead to the solution. Naturally, some
elements of our construction may lack a precise
determination due to the theory conditions because
an almost-Poisson manifold is a very weak framework
and many elements cannot be determined.
Lemma 1. Given a codimension 1 integrable
codistribution D* obtained by a [-differentiable
function f € CY(Vy,Re) of mazimal rank on an
almost-Poisson manifold Vy, we have a foliation
of keré\f*1 f induced by the skew-symmetric 2-
contratensor P.

Proof. On our Riemann manifold M, the set kerflv iy
is a smooth N — 1 dimensional manifold [9]. Any path
visy € kerfzvf1 f if, and only if, its tangent vector

~«d/dt is such that:

Lif (%i) =0. (15)
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If this condition is fullfilled, the path ~ is a sub-
manifold of kerflv ~1 f, hence its vector field generator
must be zero when contracted with f. It is a matter of
straightforward calculation to show that if the vector
field which generates « is given by (P = 7.X
= v, d/dt, we get tqf(tg P) = 0 from (15). m

If we use coordinates over Vy =< ReV,P >
the meaning of lemmal becomes clear because
condition (15) is expressed as:

Z dl‘z 8f

dt ox;

If the vector field is given by

dx; o Of
v sz_

dt Z al‘k ’

it is a matter of substitution to verify the lemma (for
comparison see [31]).

Foliation is induced by a tensor P which we
introduce arbitrarily by means of an almost-Poisson
manifold. There is no particular reason to avoid the
introduction of P, but we would require compelling
reasons to do so.

Lemma 2. Given a 1-dimensional distribution D,
its underlying manifold M can be made an almost-
Poisson manifold Vy if the following sufficient
conditions are met:

i The existence of an integral f of codistribution D*.

ii The existence of a distribution D, which doesn’t
have common integrals with D.

Proof. The existence of f given a codistribution D* is
always locally guaranteed because f is the solution of
a partial differential first order equation and a power
series solution can be made convergent on a given disk.
Therefore, we can locally build the tensor:

XAn

Lafrm

P=— (16)

which can be used as:

d (Lde)n
* 3, — *X = —Vx
Ve =7 0t (

B (Ldfn)X> Can

Ldrmn Lafm

The expression on the right hand side is ¢qr P, as a
result we get: p
and the distribution is induced by a skew-symmetric
2-contratensor using only the stated conditions. m

In lemma 2 we have introduced a given almost-
Poisson manifold, constructed out of D, D*, D,,. So,
its construction is based on the vector field generator
X, on the arbitrary element f, and on the generator
of D* denoted by n.

Electromagnetic Phenomena, V.6, Ne2 (17), 2006

The method used in the proof of lemma 2 was first
used by Hojman on the Poisson case. As we shall
see in the next section, all arbitrary elements in the
tensor (16) construction are eliminated. Therefore,
Hojman “s theory is strong enough to determine f and
n.

Clearly, any differential equation with a first
integral of motion can be reduced to the form (18)
if the conditions stated in lemma 2 are satisfied.
This first integral of motion is the Hamiltonian of
a Hamiltonian formulation. In this way, if we can
find distribution D,, (not a difficult task), then every
distribution D can be used locally to build an almost-
Poisson manifold V with distribution Dp defined by
(18).

We now introduce an almost-Poisson bracket.

Lemma 3. The necessary condition for a manifold
O =gor ket ' f nker¥ g to accept a common
almost-Poisson distribution Dp is:

tag(1as P) = 0. (19)

Proof. If v is a leaf of kerfl\]*1 f, we can write equation
(15) for f, and if v € ker) ! g we have:

» (”i) ~0 (20)

for g. Using lemmal, we write v,d/dt =
then able to write equation (20) as

taf P, and are

Ldg (LdfP) =0 (21)

which creates a new condition to be satisfied. This
condition is necessary because if it is not fullfilled, the
path cannot be contained in O m

Therefore, on our almost-Poisson manifold we can
introduce almost-Poisson brackets as a definition:

Def 7. (f,g); € C*(Vy,Re) is an almost-Poisson
bracket of f and g if, and only if:

(f,9)s = taf(tagP)
Def 8. An almost-Poisson vector field Xy is given by:

Lngf = (ga f)J (22)

If f is globally defined, then Xy is as well.
Otherwise, it is locally defined. Almost-Poisson
brackets are just one step in our treatment; they
don "t satisfy Jacobi s identity, which is essential
for any bracket [8].

Lemma 3 can be generalized to the case of p-
functions fi,..., f, as defined on an N-dimensional
almost-Poisson manifold. Using the same reasoning
as in lemma 3, we can write the necessary conditions
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for a manifold to accept a common almost-Poisson
distribution as follows:

) e =0,0,5=1,.., 23
(fi, 17) |,Qlkerf J p (23)

If the map
F=<f1,.,fp>Vn—>V, (24)

is of maximal rank, min{N, p}, we can write down:
(fis f5) =D kit (25)
k

as shown by Olver in [8] proposition 2.10, p. 82.

5. The Poisson Case

The objective of this section is the construction
of the generalization of Hojman’s procedure to
obtain Hamiltonian formulations for arbitrary odes.
To do this we must introduce Poisson manifolds as
a logically stronger framework of hypotheses than
an almost-Poisson manifold, as well as give a set of
transformations that would leave the Poisson manifold
invariant (see [5,8,10,16,26]). Such transformations are
known as Poisson, or canonical, transformations.

However, the transformation theory is not an
inmediate result of Poisson’s manifold definition
because it only appears when certain conditions of
consistency or of locality based on Jacobi’s identity
are used. We demonstrate this later on in this section
using Marsden and Ratiu’s [5] presentation of Poisson
manifolds and Souriau’s [7] presentation of symplectic
manifolds.

Next in our theory, we start with the construction
of a pre-Poisson manifold found in lemma 4, then
construct the invariance theory in lemmas 5, 6 and
7. The construction of a pre-Poisson manifold does
not imply a transformation theory since the notion
of a pre-Poisson manifold and the construction of
the related transformation theory are independent
conditions. Finally, as we shall see, these constructions
are enough to obtain the generalization of Hojman “s
results in the form of equations (42a—d).

A closer look at Marsden-Ratiu “s proof of
invariance ([5] p. 299-300) reveals that their reasoning
involves the use of consistency conditions from which
the truth of the theorem “s proposition arises.

Marsden-Ratiu start with:

vaG (tar P) =acy (F,G)
= X¢(F) = Poisson “s bracket (26)

therefore:

£xyx(F,G)] = Xu(F,G) = ((F,G),H)  (27)

These equations are definitions which do not involve
theory postulates. They then write:

£x, P(dG,dF) = (£x, P) (dG, dF)
+((F,H),G)+ (F, (G, H)) (28)

as another identity. However, by using Jacobi’s
identity (a key theoretical postulate), on the last two
terms of (28), they obtain the result:

£x,P(dG,dF) = (£x, P)(dG,dF)
+((F,G), H) (29)

If the theory is consistent, as we suppose it is, then
(27) and (29) are equal, but only if £x,P = 0.
Thus, Jacobi s identity implies invariance if we want
a consistent theory. Taking this into consideration,
the Poisson manifold notion and the transformation
theory cannot be independently constructed if we
want a consistent theory.

On symplectic manifolds, the invariance of the 2-
form is linked with conditions that are usually taken
for granted. For symplectic invariance, as proved by
Souriau in [7] as theorem 9.21, we see that, given a
Hamiltonian vector field Xy and the symplectic 2-
form €2, we have in general:

£XHQ:dLXHQ+LXHdQ. (30)

Consequently, using Jacobi ‘s identity, d€2 = 0, we can
write:

dLXHQ =0 (31)

for invariance. This condition is fulfilled when ¢tx,, 2 =
—dH, that is, when Xy is a globally defined vector
field, (see for example, [18] p. 130). However, this
global definition depends on the disappearance of
the first DeRham cohomology class H}x(M,Re) >
[txQ] = 0 of the manifold M with coefficients
in Re. Hence, in general, we can only speak of
invariance in regard to locally defined Hamiltonian
vector fields. We can see in this case that the notion of
a symplectic manifold and the transformation theory
can be independent. In other words, we may have
dQ2 = 0 locally but globally, for topological reasons,
tx,§2 is not an exact form.

We have therefore learned that we can obtain an
invariance theory, but not as an automatic result of
the notion of a Poisson manifold. For our theory,
we introduce the notion of a pre-Poisson manifold in
definition 9, but require the transformation theory
obtained in lemmas 5,6,7 and 8. This results in
equations (42a—d) which will represent the conditions
of our theory and the generalization of Hojman s
equations (A) and (B).

We now briefly discuss definition 9 to establish the
reasons of our terminology. Marsden and Ratiu in [5]
p. 286, Olver in [8] p. 390-391 and Guillemin and
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Sternberg in [26] p. 89 present the concept of the
"Poisson manifold” by simply introducing a Poisson
bracket on the ring of functions over a given manifold.
This is along the lines of Lie and Engel in [23] p. 234
but without the use of any rank conditions on the
tensor. Of course, at the time of Lie and Engel many
modern concepts were not in existence, for example
what they called “Functionengruppen” is now known
as "Lie algebra”. The name "Poisson manifold” was
coined by Lichnerowicz [24].

However, we need to distinguish between a bijective,
non-singular case and a non-injective, singular case,
even if the latter is more general than the former. For
the singular case in the symplectic framework, Souriau
in [7] p. 82, proposes the name "pre-symplectic”. This
is why we propose the name ”pre-Poisson”, which is
short for a non-injective Poisson tensor.

Def 9. Po" is a N-dimensional pre-Poisson manifold
if, and only if, M and P exist such that:

i PoN =< M,P >.
ii M is a N-dimensional smooth manifold.

iii P is a skew-symmetric singular 2-contra-tensor
defined on T*M x T*M.

iv The Schouten commutator of P with itself is zero.
We shall call P "pre-Poisson tensor”.

Def 10. A vector field X is a Hamiltonian vector field
if, and only if, w and P exist such that:

iweT*M.
ii P is a pre-Poisson tensor.
iii ¢, P = X.

If dw = 0, we have a "locally defined Hamiltonian
vector field”, and if w = dH all along the manifold,
we have a "globally defined Hamiltonian vector field”.
Both cases are denoted by Xy and we use the terms
"locally defined” or "globally defined” to distinguish
them.

Using definition (9), we obtain the most general
conditions which allow us to write down:

XAn

Ldfrm

P=-

(16)

is a pre-Poisson tensor where f is an integral of D* in
lemma 4. However, it is not invariant in front of X,
which is a locally defined Hamiltonian vector field. We
show how to fill this gap in lemmas (5) and (6).

X An
Ldfm
and each of the leaves of D is a pre-Poisson manifold,
if, and only if, X and n are the basis of a 2-
dimensional smooth integrable distribution Dp defined
on each leaf of D*.

Lemma 4. P =

is a pre-Poisson tensor,
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Clearly D C Dp, so, every integrable 2-dimensional
distribution has a 1-dimensional distribution defined
over a pre-Poisson manifold with pre-Poisson leaves.
This is an equivalent formulation of lemma 4.

Proof. We must prove that if the Schouten bracket of
P with itself is zero, then [X,n] = aX + bn.

To do this, we must compute the Schouten
commutator. After a straightforward calculation
following [5] p. 311, the expression is:

2(X An) A X, 7). (32)

Hence, if Dp is integrable, the Schouten bracket is
zero by associativity. To prove the second part, we
need to show that (32) can only be solved by the
integrability condition [X,n] = aX + bn. This can
be seen as follows: by definition, X and n are linearly
independent, so, (32) shows by associativity (see [9],
p. 208) that [X,n] must be linearly dependent on X
and n. m

In the proof of lemma (4), we have not used the
invariance of P in front of X in any step. Therefore,
it is an independent proposition that must be proven.

The proof in this case is somewhat complex because
it involves the consideration of consistency between a
pair of first order partial differential equations. We
first establish the conditions of invariance (lemma 5).
After, we show how to satisfy them (lemma 6). When
we are trying to solve sets of simultaneous partial
differential equations of order 1, the key concept is
that of “involution”, as used, for example, by Goursat
in [25] p. 274. But this concept and its use by Goursat
require an underlying canonical Poisson structure
which we do not need in our treatment.

18 1nvariant in

Lemma 5. The Poisson tensor

Larmn
front of the flow generated by X if and only if:
1 b
£x (Lndf> T (33)

Proof. The Lie derivative of P (the sign in equation
(16) is of no importance here) is given by:

XAn 1

1
Aol (34)

where the second term of (34) becomes simply
bX A

Lpdf

XAn 1 b
e (E0) < () )

Accordingly, if (33) is correct, the Poisson tensor is
invariant in front of the flow. If (35) is zero, then (33)
is correct. m

+

. Hence, the Lie derivative is:
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To solve (33), we propose using the following
differential equation:

tndf =k, C' 3k #0. (36)

We need to start by determining k independently.
We have another differential equation for f given by
txdf = 0. Consequently, we must show its consistency
with (36) using the Lie algebra [X,n] = aX + bn. We
now show that the consistency condition defines k, and
what s more, this condition over k is the condition of
invariance (33).

Lemma 6. The pair of differential equations:
txdf =0, (37a)
tndf =k (37b)

is consistent, if and only if, k solves the following
differential equation:

txdk = bk. (38)
Proof. For a finite & we have:
Lx ) df = bindf = kb (39)
from Schouten bracket conditions and the identity:
uxndf = £x (indf) = tn£x (df) (40)
which can be reduced to:
txn)df = £x (k) = 1xdk (41)

by using (37a-b). For consistency, (39) and (41) must
be equal. So, if k solves (38), system (37a-b) is
consistent. If it is consistent, then (39) and (41) must
be equal. m

Lemma 7. The condition of invariance (33) is
equivalent to the condition of consistency (38).

Proof. Clearly:

1 1 1 b
£X(Lndf) = [’Xd (Lndf) = _ﬁLXdk = _E7

using only lemma 5 and common identities. m
Now we have all the elements to write the following
theorem:

Theorem 1. (generalized Hojman) P given
by (16) is a Poisson tensor and X an infinitesimal
generator of Poisson transformations if, and only if,
the following conditions are satisfied:

[X,n] =aX + bn, (42a)
Lndf = k, (42b)
uxdf =0, (42¢)
uxdk = bk. (42d)

30n the second term of (40), we apply Cartan s formula to
write

£x (df) = d(exdf)

which is zero because of (37a)

Proof. Because of lemma 4, P is pre-Poisson tensor.
Using lemma 6, the pair of differential equations is
consistent and solves the condition given by lemma 5.
]

Hojman originally considered two cases [11]:

i[X,n]=0,.xdf =0.
ii [X,n]=aX, xdf =0.

He rejected the term bn because it is not consistent
with his theory’s postulates. This is the case, of
course, if lemmas 5 and 6 are not used.

Case (ii) was treated by Lie, showing that the
set of odes is integrable by quadratures. If D is a
distribution generated out of X, then a codistribution
D* generated by 1-form w such that txw = 0 is an
equivalent formulation for the set of odes. Lie then
showed that if the algebraic condition (ii) is correct,
the 1-form w is integrable with integrability factor Ln%
( see [14] for a generalization, and [10] for a classical
statement ). Both cases are clearly consistent, as the
following calculation shows:

Ux,ndf = axdf =0 or i xdf =0

as Schouten bracket conditions. Equation (40) is:

L[X,n]df = £x(tndf)

Consistency requires that £x(t,df) = 0, which
demonstrates that ¢,df is also a constant of motion,
as shown by Hojman.

Lemma 6 gives us another condition due to
differentiation. This new condition is equation (38)
which is added as a constraint to form system (42a—
d). So the obvious questions are whether system
(42a—d) is consistent and whether more derivations
can produce more conditions to be satisfied, or
simply produce identities. Indeed, we find the system
is consistent and that more derivations produce
identities.

Lemma 8. The system of equations (42a—d) is
consistent and more derivations produce identities.

Proof. We take an exterior differentiation on (42b),
thereby:
dk = duv,df = £,(df).

Using this result on (42d), we write down:
tx £ (df) = bipdf.
Hence, using known equations, [5] p. 128, we get:
tix ) df + £n(txdf) = bupdf.
Finally, we use (42a) and (42c) to obtain the identity:

bipdf = by, df.
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]

As we can see, system (42a—d) does not produce new
equations by differentiation. What we must do now is
solve this system of equations.

We have all the elements for the following:

Theorem 2. (Local inversion of the symplectic )
stratification theorem Let M be an N-dimensional
smooth manifold stratified according to

Us= | kel f

a€l,

on each local chart U,. Here we have an interval of
reqular values I, C Re for each «. So, each leaf
keri\’*1 f is a Poisson manifold.

Proof. From lemmas 1 and 2, we get an almost-

n .
and using theorem
Ldfm

1 to get the required Poisson manifold which imposes
its conditions on X and n. m

Poisson manifold by taking

6. A Solution to the
Hamiltonization Problem

We now have the full set of consequences of the
minimal framework that can be useful to get a
solution to the "Hamiltonization problem” within its
boundaries. Hence the following definition is useful:
Def 11. HS is a Hamiltonian system if, and only if|

PoN and H exist such that:

i HS =< PoVN,H >=< M,P,H > .

ii Po¥ is a N-dimensional smooth pre-Poisson
manifold.

iii H is a smooth real valued function defined on Po™.

iv 1gqgP = Xpg, where Xpg is, by definition, a local
Hamiltonian vector field if H is locally defined.
Otherwise, it is a global Hamiltonian vector field.

In the approaches usually taken, the question is
how to get the Hamiltonian function assuming there
is an underlying canonical symplectic structure. This
question is answered, as seen in section II, using
an explicit solution to the odes and constructing
a transformation theory to supply the Hamiltonian
function.

The overall approach indicated by the minimal
framework suggests that the solution of equations
(42a—d) must be the starting point. So, we must
determine how to obtain the Poisson structure and
the Hamiltonian. If we achieve this, we can avoid
the necessity of Pffaf’s and Darboux’s reduction
procedures because we are not restricted by the a
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priori supposition of a canonical symplectic form and
the necessity to reduce every tensor to this canonical
form.

Once we have obtained theorem 1 by using only
minimal framework postulates, the Hamiltonization
problem involves finding a solution to system (42a—
d) with given vector field X.

Clearly, solving this system with given X produces
a Hamiltonian system according to definition 11:

XAn
HSX<M3 Lndf 5f>

We have thus proved that HSx is actually a
Hamiltonian system. With any differential equation,
we can associate a triple HSx so that its vector
field becomes a Hamiltonian vector field according
to definition 11. As we can see, solving the
Hamiltonization problem simply involves finding
a solution to (42a—d) given X. Therefore, any
transformation based on explicit solutions to the odes
is not necessary.

We now give an example of the construction of a
new Poisson structure for the state space Re x S'of
a harmonic oscillator, which in local coordinates is
< t,rcosf,rsinf > with r = cte. The path given by
6 = 0(t) along the cylindrical state space forms a helix.

Vector field generator on Re? is:

0 0 0
X=2 g 2. 4
3t+w<$8v U8x> (43)
0 0
We shall put L = xr— — v— and propose:
v Ox
0 0 0
= — — —. 44
" 3t+n18v+n28x (44)
Commutation rules (42a) give us:
b
Lni —ny = —nq + ax, (45)
w
Lng +n; = 2712 — av, (46)
w
a=—b. (47)

Under a coordinate change Re? — Re x S!, defined
by x = rcosf and y = rsin § with r = cte.,we obtain:

n, = 0
00 n 00
ny— + ng—
"ov o
for the vector components of n at the new coordinate
cover. Equations (45),(46) become the single equation:

g

Ong a

with the solution:

ne = w — @(r?) exp (— <E> 0) . (49)
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For n at the original coordinates, we then easily
obtain:

0
= — +tel 50
TR (50)
where e = w — p(2? + v?) exp (— (a/w) arctan (v/x)).
Now, we must obtain the Hamiltonian H and the
function k as solutions to:
OH
— LH=0
ot ¢ ’
OH
— +elLH =k
ot ¢ ’
ok

— Lk = —ak.
at—l—wk‘ ak

The solutions are:
k= (a? + %) exp (~at), (51)
_wi@ %)
@ p@? + 07)
a v
X exp (—at + — arctan (7)) , (52)
w T

H =

as verification shows. Finally, the Poisson tensor is:

P _w—ed _p(a? +0?)
he T T ot T T w2+ 0?)
a v\ O
X exp (at - arctan (5)) En AL. (53)

Therefore, we have proved the following proposition:
Proposition 1. The triple:
< Re x S, Py, H >

is a Hamiltonian system.

7. Conclusion

In an attempt to find a new solution to
the Hamiltonization problem, we have worked out
the hypotheses of the newly introduced theory
called "minimal framework” in detail, and have
obtained a mnew formulation for the classical
Hamiltonization problem of Lie-Konigs with less
restricted assumptions, thereby generalizing previous
results obtained by Hojman.

As the simple example of the harmonic oscillator
shows, the operative setting of the main equations
deduced to get Hamiltonian formulations is useful
when we are able to solve equations (42a—d).
Moreover, the theoretical hypotheses are useful for
proving some theorems in a straightforward manner.

Perlick constructed his map wg —< F*wg,0 >
from the set of symplectic structures onto the set of
Hamiltonian formulations using his theoretical setting

and the explicit solution to the equations of motion F'.
This was useful to determine the Hamiltonian of his
theory. In our case, we take 2-dimensional integrable
distributions and map them to Poisson structures and
then to Hamiltonian formulations. In other words, as a
result of our theory, the set of integrable 2-dimensional
distributions over M, IDs(M) is mapped to the set
of decomposable Poisson tensors over M, DPT(M),
which is clearly not void. Hence, we have:

S : IDy(M) — DPT(M)

The meaning of the mapping is clear if we define
ID5(M) as a category [27]. Its objects are the 2-
dimensional integrable distributions, and its arrows
are a subgroup of the diffeomorphisms of M lifted
to TM. The objects of DPT(M) are sets with at
least one Poisson tensor while the arrows are the
Poisson maps. & can then be read as a functor whose
construction is the main result of this paper.

Acknowledgment

RAF is grateful to Rogelio Cardenas Herndndez for
his constant support and to Maureen Sophia Harkins
(cetet@Quaz.edu.mx) for proofreading this paper.
MAG acknowledges many useful and illuminating
discussions with V.G. Makhankov at many times
and places. Finally the authors are grateful to the
unknown referees of the paper for their help in its
improvement.

Manuscript received May 10, 2006

References

[1] Whittaker E.T. A Treatise on the Analytical
Dynamics of Point Particles and Rigid Bodies
— Cambridge: Cambrige University Press. USA.
—1999.

[2] Anzaldo-Meneses A., Bonnard B., Gauthier J.P.,
Monroy-PérezJ.P. Contemporary Trends in Non-
Linear Control Theory — Singapore: World
Scientific. — 2002.

[3] Perlick V. // J.Math.Phys. — 1992. — V. 36.
- P. 599-606.

[4] Rolf Berndt An Introduction to Symplectic
Geometry // Graduate Studies in Mathematics
— V. 26. AMS, Providence, Rhode-Island.

[5] Marsden J.E., Ratiu T. Introduction to
Symmetry and Mechanics — New York: Springer-
Verlag. — 1993.

[6] G.F. Torres del Castillo, G. Mendoza Torres //
Rev. Mex. Fis —2003. — V. 49.

200 DuekrpomaruurHeie SBnenus, T.6, Ne2 (17), 2006 r.



Local Hamiltonization and Foliation: A New Solution to the Hamiltonization Problem

[7] Souriau J.M. Structure of Dynamical Systems.
— Boston: Birkhauser. — 1997.

[8] Olver P. Applications of Lie Groups to
Differential Equations. — New York: Springer-
Verlag. — 2000.

[9] Auslander L., Mackenzie R.E. Introduction to
Differentiable Manifolds. — New York: Dover
Publications. — 1977.

[10] Arnold V.I. (ed.) Mathematical Aspects of
Classical Mechanics and Celestial Mechanics.
— New York: Springer-Verlag. — 1993.

[11] Hojman S. // J. Phys A: Math and Gen. — 1996.
-V.29, Ne 3. - P. 667-664.

[12] Jost R. // Rev.Mod.Phys. — 1964. — V. 36, Ne 2.
- P. 572-579.

[13] Chevalley C. Theory of Lie Groups — Princeton:
Princeton University Press. — First printing 1949.
— Fifteenth Printing 1999.

[14] Ablamowicz R. and Fauser B. (eds.) Clifford
Algebras and Their Applications in Mathematical
Physics. — V. 1. — Boston: Birkhauser. — 2000.

— P. 425-434.

[15] Cushman R. and Bates L. Global Aspects
of Classical Integrable Systems. — Boston:
Birkhauser. — 2003.

[16] Ghaboussi F. // J.Math.Phys. — 1993. — V. 31.
— P. 4000-4006.

[17] Freed D.S., Uhlenbeck K.K. Geometry and
quantum field theory // AMS, IAS/Park City,
Mathematics Series. — 1995. — V. 1. USA.

[18] Forsyth A.R. Theory of Differental Equations.
V.1 - New York: Dover. — 1959.

[19] Lie S. // Archiv. for Math. og Natur IT — 1877.
- P. 10.

[20] Moerdijk I., Mrcun J. Introduction to Foliations
and Lie Grupoids. — Cambrige: Cambridge
University Press. — 2003. UK

[21] Cantrijn F., M. de Leén, Juan Carlos Marrero,
D. Martin de Diego // Nonlinearity — 2000.
- V. 13. - P. 1379-1409.

[22] Lie S., Scheffers G. Geometrie der
Beriihrungstransformationen. — New  York:
Chelsea. — 1977.

[23] Lie S. Engel F. Theorie der
Transformationsgruppen V. II. — New York:
Chelsea. — 1970.

Electromagnetic Phenomena, V.6, Ne2 (17), 2006

[24] Lichnerowicz A. // C.R. Acad. Sci. Paris — 1975.
— Ser. A 281. — P. 171-175.

[25] Goursat E. Differential Equations Being part II
of V. II of the Course in Mathematical Analysis.
— Boston: Ginn and Company. — 1917. USA

[26] Guillemin V. and Sternberg S. Symplectic
techniques in physics. — Cambridge: Cambridge
University Press. — 2001.

[27] William Lawvere F., Schanuel S.H. Conceptual
Mathematics. —  Cambridge: =~ Cambridge
University Press. — 2002. UK

[28] Konigs G. // Comptes Rendus Acad. Sci. — 1895.
- V. CXXI. - P. 875

[29] Giimral H., Nutku Y. // J.Math.Phys. — 1993.
- V. 34. - P. 5691-5723.

[30] Goedert J., Haas F., Hua D., Feix M.R. and Cairé
L. // J.Phys.A: Math. Gen. — 1994. - V. 27, Ne 19.
— P. 6495-6507.

[31] Quispel G.R.W. and Capel H-W. // Phys.Lett.A
- 1996. - V. 218 — P. 223-228.

[32] McLachlan R.I., Quispel G.R.W. and Robidoux
N.// Phys.Rev.Lett. — 1998. — V. 81, Ne 12.
- P. 2399-2403.

[33] Meyer K.R., Hall G.R. Introduction to
Hamiltonian Dynamical Systems and the
N-Body Problem // Appl.Math.Sci. — 1992.

— V. 90, Springer-Verlag (1992) NY.

[34] Damour T., Schifer G. // J.Math.Phys. — 1992.
-V.33. - P. 127-134.

[35] Hojman S., Shepley L.C. // Rev.Mex.Fis. — 1982.
— V. 28. - P. 149-205.

[36] Hojman S., Urrutia L.F. // J.Math.Phys. — 1982.
- V. 22. - P. 1896-1903.

[37] Hojman S., Shepley L.C. // J.Math.Phys. — 1991.
- V. 32. — P. 142-146.

[38] Hojman S., Pardo F., Aulestia L., F. de Lisa //
J.Math.Phys. — 1992. — V. 33. — P. 584-590.

[39] Lanczos C. The Variational Principles of
Mechanics 2nd ed. — Toronto: University of
Toronto Press. — 1962.

201



