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Abstract

Based on the partial regions method (PRM), a new computational method is proposed for calculation of
eigenfrequencies and electromagnetic �eld structures of axially symmetric split-cavities. The method o�ered does
not require any additional assumptions that were used earlier during research work on split-cavities in the form
of insertion of conditional metallic walls into the in�nite irised waveguide. We demonstrate that all possible
eigenfrequencies of the split-cavities can be broken down into two categories: even and odd. For the even types
of oscillations the longitudinal electric �eld is symmetri cal relative to the iris, for the odd types � it is anti-
symmetrical. The comparison of the eigenfrequencies obtained via the above method with those taken from
literature comes up with a good agreement of the results.

1. Introduction

The idea of electron beam-driven production of high-
power microwaves by using a shorted smooth metallic
waveguide section without resorting either to a slow-
wave structure or to any such medium is not new. The
pioneering research in this area was carried out way
back in the forties of the past century. The underlying
principle of operation of the microwave devices of this
kind is the so-called monotronic radiation mechanism
[1,2]. This mechanism is not the resonant one, yet to
generate radiation it is necessary that the extent of
the cavity length satis�es the following pre-conditions
of quantization: L=� = ( n + 1 =4)v0=c (� � the

wavelength, v0 � the electron beam velocity, c �
the speed of light, n � the integer). As the �rst
assessments indicated, the e�ciency of these devices �
was not high, but the robustness of the structure and
advances in high-current electron beam production
propelled further ahead the studies on the linear and
nonlinear [3�6] stages of the monotronic instability.

Microwave generation in a cavity can acquire
qualitatively novel features, if its internal volume
is partitioned symmetrically in the longitudinal
direction with a metallic iris [7]. This kind of
oscillator (on the base of two coupled cavities)
was dubbed as split-cavity oscillator (SCO). It
accepts the existence of its eigenwave, of which the
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amplitude of the �eld longitudinal component has
di�erent signs in the adjacent cavities [8]. From
simple physical evaluations, not unlike those used
to compute the electron beam losses in the cavity
for the monotronic generation mechanism, it follows
that by using the anti-symmetric wave for the
purpose of microwave generation the longitudinal
dimensions of the oscillator can be made dramatically
shorter. Some earlier experimental [9] and theoretical
studies [7, 9] on generation of oscillations in split-
cavities indicate their rather high e�ciency. Very high-
current relativistic electron beams can be used for
this purpose which allows one to produce high-power
microwaves. Note that the non-resonant physical
mechanism of generation of the oscillations [7] in
such systems, where there is no slow wave, must
be responsible as well for generation of high-power
microwaves in other vacuum devices, such for example,
as Reltron [10] or a klystron ampli�er [11]. Both
devices employ cavities where the longitudinal �eld
structure in two adjacent cavities resembles the �eld
structure in split-cavities.

To �nd the length of the split-cavity at which
the instability develops, it is necessary to have the
knowledge about eigenfrequencies of such cavities. In
reference [8] in order to obtain the eigenfrequencies
the standard partial regions method (PRM) was
used [12]. the split-cavity replaced with an in�nite
periodic irised waveguide where the irises were
placed along the waveguide axis. In this way, the
problem boiled down to a well-studied one. Its
resolution comes out with a continuous frequency
set depending on the longitudinal wave number. The
wave number values kzL = �n (n = 0 ; 1; 2; : : : )
correspond to the cavity's eigenfrequencies. Really,
at those values of the longitudinal wave number the
radial electric �eld goes to zero all over the entire
plane midway in-between two irises, i.e. the real
metallic walls were replaced with conditional ones, the
geometry of the system continuing symmetrically ad
in�nitum. At one and the same time, the problem
of obtaining the eigenfrequencies and eigenwaves
of two coupled cavities admits solutions without
such conditional assumptions. For the �rst time,
this problem formulation was advanced by V.V.
Vladimirsky in his quasi-static approximation [13],
with di�erent methods re�ned later to hone the
accuracy of the solutions (ñì. [14]) and reference
literature therein.

In this work we intend to demonstrate that by
employing the conventional PRM method it is quite
feasible to obtain the eigenfrequencies and structure of
the electromagnetic �elds in a system which is viewed
as an axially symmetric cavity partitioned in two parts
with metallic iris. As di�erent to reference [8] the �eld
in the area coupling the two cavities will not be sought
as expansions over traveling waves, but rather as those
over standing waves. In Section 2 we shall describe the

method used in minute detail and derive the dispersion
equations for the even and odd eigenmodes of a split-
cavity of an arbitrary axially symmetric cross-section:
the cavity may be cylindrical, coaxial, its peripheral
region may and may not be �lled with some dielectric.

In Section 3 we shall apply the above method
to calculate eigenfrequencies and �eld structures in
cylindrical split-cavity, vacuum coaxial split-cavity
and coaxial split-cavity with dielectric imbedding. The
solutions obtained will be compared with those known
in literature [8], as found by using the above-described
conditional assumptions.

The Conclusions present a brief summary and
guidelines which might be useful while developing
split-cavity based oscillators.

2. Dispersion Equations and
Expressions for
Electromagnetic Fields in
Axially Symmetric
split-cavities

In this Section we shall derive the dispersion equation
and expressions for electromagnetic �eld components
of symmetrical TM waves of an axially symmetric
split-cavity, which is partitioned into two identical
cavities with a round metallic iris. (ñì. �g. 1). The
cavity diameter � 2b, the iris diameter � 2a , the
cavity length � L , the length of each small cavity
� g (the iris thickness � d = L � 2g). The axially-
symmetric cavity can be either coaxial (the radius of
internal cylinder is � ) or cylindrical. In the latter case,
there is no inner conductor shown in �g. 1 by the
dotted line.

In order to �nd eigenfrequencies and eigenfunctions
of this cavity we shall break it down into three partial
regions: I (� < r � a, 0 � z � g) and II ( � < r � a,
L � g � z � L ) � the smaller cylindrical cavities,
III � the coaxial region the inner radius of which
coincides with the outer radii of the smaller cavities
(a < r � b, 0 � z � L ). In each of the partial regions
the eigenfunctions of TM waves satisfy the Maxwell
equation set:
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where Er and Ez � the radial and axial components
of the electric �eld, H � � the azimuthal component
of the magnetic �eld, ! � the wave frequency
(Er ; Ez ; H � / exp(� i!t )), c � the speed of light. The
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Fig. 1. A schematic of axially symmetric split-
cavity. In the case of cylindrical split-cavity the inner
conductor, shown by the dotted line, is absent. The
region III ) of cavity can be �lled with a dielectric
material.

permittivity ~" (r ) accounts for the possibility of �lling
the region up III with dielectric material , i.e.

~"(r ) =

(
"; if a < r 6 b;
1; in another way round .

The eigenfunctions of the system (1) satisfy the
boundary conditions: Er jz=0 ; L = 0 , Ez jr = � = 0 ,
Ez jr = b = 0 . We shall seek solutions of the set
(1) in each cavity, presented as expansions over
standing waves in the longitudinal direction, and
in the radial one as eigenfunctions in each partial
region. With an accuracy as high as the arbitrary
constants An ; Bn ; Cn , and acting in consideration
of the boundary conditions, we shall present these
solutions as:
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The expressions (2)�(4) have the following
designations introduced to them: kn = �n=g , pn =
�n=L , { n = ( ! 2=c2 � k2

n )1=2, qn = ( ! 2"=c2 � p2
n )1=2,

� = z � L ,

F0(x; y) = J0(x)Y0(y) � Y0(x)J0(y);

F1(x; y) = J1(x)Y0(y) � Y1(x)J0(y);

J0, J1 and Y0, Y1 � The Bessel and Weber functions
respectively.

The form of writing down the expressions for the
�elds is true both for cylindrical split-cavity and
coaxial one. Really, at � ! 0

lim
� ! 0
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and the expressions (2),(3), written in the general
form are transformed into �eld expressions for
cylindrical cavity. And for this reason, further on,
while considering the cylindrical geometry of split-
cavities, we shall assume that

F0(x; 0) � J0(x); F1(x; 0) � J1(x):

The tangential components of the electricEz and
magnetic H ' �elds at the regional interface r = a
must meet the condition of continuity and, besides,
Ez should go to zero at the metallic edge of the iris
r = a, i.e. the following boundary conditions must be
satis�ed:
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(6)

By substituting the expressions forEz from (2)�(4)
in the set for boundary conditions (5), we shall express
the constants Cn in terms of An , Bn :

Cn =
g
L

1X

m =0

(Am Qm;n + Bm Rm;n ); (7)
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where
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� m; 0 � the Kronecker symbol, sinc(x) � sin(�x )=(�x ).
Similarly, if we substitute the expressions for H '

from the sets (2)�(4) into the expression for boundary
conditions (6), we now shall express constantsAn , Bn ,
in terms of Cn :
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Upon the substitution of the expressions (10) for
An Bn in the relation (7) we shall obtain a set of
linear homogeneous equations relative to the arbitrary
constants Cs :

� n;s Cs = 0 ; n = 0 ; 1; :::; s = 0 ; 1; ::: (13)

Here and further on, over the recurring index, the
summation occurs, while the matrix elements� n;s in
(13) assume the following form:

� n;s =
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Note that due to the relations (9), (12) in the matrix
� n;s those elements are non-zero which satisfy the
condition s+ n = 2 k (k = 0 ; 1; 2::: ), i.e. such elements
of which the sum of the line number and column
number is an even �gure. In this way, the constants
with even numbers are independent of the constants
with odd numbers, and, vice versa, the set of equations
(13) is broken down into two independent parts:

� 2n; 2sC2s = 0 ; (15)

� 2n +1 ;2s+1 C2s+1 = 0 : (16)

The condition of solubility of the equation sets (15)
and (16) determines the eigenfrequencies of the system
which consists of two coupled oscillators:

Det(� 2n; 2s) = 0 ; (17)

Det(� 2n +1 ;2s+1 ) = 0 : (18)

The equation (17) determines the eigenfrequencies
of the even numbers relative to the longitudinal
coordinate of the oscillations, while the equation
(18) ídoes so for the odd numbers relative to the
longitudinal coordinate of oscillations of the cavity
partitioned with metallic iris. As one would �nd
from further numeric analysis, the even number of
oscillations corresponds to the0-type of oscillations
in which the �elds in the adjacent cavities are anti-
symmetrical relative � -type to the metallic iris.

In order to identify the solutions of the dispersion
equations, it is necessary to analyze the structure of
electromagnetic �elds of the waves that correspond
to those found for their eigenfrequencies. The �nding
of the electromagnetic �elds can be done according
to the following scheme. Once the eigenfrequencies
have been found, all random constants of the even
solutions C2s are expressed via an assigned one for
which we always chose the oneC0 . below. Similarly,
the arbitrary constants of the odd solutions C2s+1 are
expressed in terms of an assigned one, for which we
choseC1 . All the remaining constants were obtained
by solving two linear inhomogeneous sets of equations:

� 2n; 2sC2s = � � 2n; 0C0;

n = 1 ; 2; : : : ; s = 1 ; 2; : : : ; (19)

� 2n +1 ;2s+1 C2s+1 = � � 2n +1 ;1C1;

n = 1 ; 2; : : : ; s = 1 ; 2; : : : ; (20)

The �elds in the volume of the smaller cavities are
found in accordance with the expressions (2), (3),
where the constantsAn , Bn are determinable via Cs

in accordance with the relations (10), in the meantime
for the even waves it is necessary to assume that the
constants C2s+1 = 0 , and, vice versa, for the odd
waves it is necessary to assume that the constants
C2s = 0 . The �elds in the region III are calculated
by using the formulae (4), where for the even waves
as well it is necessary to assume thatC2s+1 = 0
(s = 0 ; 1; 2; : : :), and for the odd waves to assume that
C2s = 0 (s = 0 ; 1; 2; : : :).

3. Eigen Frequencies and Field
Topography of Split-Cavities

The general dispersion equations and expressions for
the electromagnetic �eld components in the above
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Section are true both for cylindrical and coaxial split-
cavities whether there is dielectric imbedding or not.
Let us now apply the derived relations for calculations
of a speci�c type of split-cavity.

3.1. Cylindrical Split-Cavity

We shall consider the cylindrical split-cavity without
dielectric imbedding, i.e. in the expressions of above
section 2 it should be assumed that� = 0 , " = 1 .
For the numeric analysis we shall choose the following
geometric dimensions of the cavity a = 17:5cm ,
b = 15 cm , L = 5 :5cm , d = 0 :5cm . Note that the
above parameters of the cavity coincide with those
used in reference [8]. ÀThe analysis of dispersion
characteristics and structures of eigenwaves made in
[8], is based on the theory of periodic structures.
The cavity with its partitioning iris was replaced
with in�nite periodic structure, while instead of the
cavity metallic walls in the longitudinal direction
(z = 0 , z = L) the conditional shorting planes
are introduced. Those shorting planes then are used
during analysis to pick out of the in�nite spectrum
only those eigenfrequencies which satisfy the condition
of nulli�cation of the tangential component of electric
�eld in the conditional shorting planes. This condition
is satis�ed only by those waves whose wavelength is
equal to one or two lengths of the large cavity. The
above method needs no additional assumptions and
allows the user to apply the method to an arbitrary
number of coupled cavities.

While doing the numeric analysis of the dispersion
equations (17) and (18) the in�nite matrices � 2n; 2s ,
� 2n +1 ;2s+1 were replaced with the �nite ones so that
2n + 1 � NL , 2s + 1 � NL (NL should correspond
to the number of harmonics taken into account in the
large cavity, the regionIII being shown in �g. 1). Since
each of the elements of the matrices� 2n; 2s, � 2n +1 ;2s+1

is an in�nite sum over smaller cavity harmonics, in
the numeric calculations they were also approximated
in in�nite sums 0 � m � Ng . As the numeric
analysis indicated, a good accuracy of calculation
of the eigenfrequencies of the system could be also
achieved when choosingNL � 22 , Ng � 11 . Exactly
those parameters were used for the calculations below.

Table 1 gives the �rst three radial harmonics of the
even and odd types of the oscillations in cylindrical
iris-partitioned cavity. Note that the calculated values
of the eigenfrequencies agree with a good accuracy
with the frequencies calculated by R.W. Lemke
Reference [8] presents only two �rst harmonics of
each type of the oscillations in the in�nite waveguide
approximation, i.e. our method allows in a simpler
and more natural way (without using the conditional
shorting planes) to solve the assigned problem of
�nding the eigenfrequencies and eigenvalues

Figures 2�4 display the 2D structures of the

Table 1. Eigenfrequencies of two coupled cylindrical
cavities.The cavity radius a = 17:5cm, the iris radius
b = 15 cm, the large oscillator length L = 5 :5cm, the
iris thickness g = 0 :5cm

The
mode
number,
j

the frequency
(GHz), the even
modesE0j 0

the frequency
(GHz), the odd
modesE0j 1

1 0.6468 1.1014
2 1.4905 1.9899
3 2.3485 2.7944

Fig. 2. Spatial structure of the longitudinal electric
�eld of the even eigenmodeE010 of the cylindrical
split-cavity with the dimensions: a = 17:5cm, b =
15cm , L = 5 :5cm, d = 0 :5cm

longitudinal electric �eld of even modes of a cylindrical
irised-cavity, the eigenfrequencies of which are given
in table 1. One can see that for the even modes
the longitudinal electric �eld is symmetric in the
longitudinal direction relative to the iris. In each
of the smaller cavities and in the large one (region
III ) the electric �eld is actually homogeneous in the
longitudinal direction. In the radial direction the
�eld of mode 1 peaks on the system's axis and is
nulli�ed on the metallic cavity wall. In a similar
way, the longitudinal electric �eld of modes 2 and
3 has 2 and 3 zeros, respectively, i.e. for the chosen
geometric dimensions of the cavity and iris the �rst
three solutions correspond to the �rst three radial
harmonics of the constant in the longitudinal direction
of the wave. In the standard terminology they can
be classi�ed asE0j 0(the �rst index �0� stands for the
azimuthally symmetric wave, while the second index
�j� � is for the radial mode number, and the third index
�0� � is for the longitudinal mode number).

Figures 5�7 illustrate the 3D structure of
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Fig. 3. Spatial structure of longitudinal electric �eld of
the even eigenmodeE020 of a cylindrical split-cavity.
Dimensions of the cavity are the same as in �g. 2.

Fig. 4. Spatial structure of longitudinal electric �eld of
the even eigenmodeE030 of the cylindrical split-cavity.
Dimensions of the cavity are the same as in �g. 2.

the longitudinal electric �eld of odd modes of
the cylindrical irised-cavity. For those modes the
longitudinal electric �elds in the adjacent smaller
cavities have opposite signs and are equal in their
absolute value. In the radial direction the �eld of odd
mode 1 is nulli�ed one time in the smaller cavity
volume and on the metallic wall of the large cavity.
Similarly, the longitudinal electric �elds of modes 2
and 3 has 2 and 3 zeros, respectively, in the smaller
cavity volume, i.e. for the chosen geometric dimensions
of cavity and iris, the �rst three solutions correspond
to the �rst three radial harmonics of the longitudinal-
anti-symmetric wave. As follows from �g. 5�7, near the
sharp edges of the iris, the longitudinal electric �elds

of the odd modes rise steeply which has something to
do with the electrostatic features of the electric �eld
near sharp metallic corners. This kind of behavior of
the longitudinal electric �elds is absent for the even
modes (see �g. 2�4), since at a small thickness of the
�eld iris the amplitudes of the even harmonics of the
longitudinal electric �eld are small, as can be gathered
from the expressions (2)�(2).

Fig. 5. Spatial structure of the longitudinal electric
�eld of the odd eigenmode E011 of cylindrical split-
cavity. The cavity dimensions are the same as in �g. 2.

Fig. 6. Spatial structure of the longitudinal electric
�eld of the odd eigenmode E021 of cylindrical split-
cavity. The cavity dimensions are the same as in �g. 2.

Figures 8�13 show spatial structures of the
azimuthal magnetic �eld of eigenwaves of the
cylindrical cavity with partitioning iris, the
eigenfrequencies of which are given in table 1

Electromagnetic Phenomena, V. 8, •1(19), 2008 51



Fig. 7. Spatial structure of the longitudinal electric
�eld of the odd eigenmodeE031 of the cylindrical split-
cavity. The cavity dimensions are the same as in �g. 2.

the topography of longitudinal electric �eld being
shown in �g. 2�7. For clarity of representing �eld
distributions in all partial regions in one diagram, we
considered the azimuthal �elds inside the metallic iris
to be zero, although they were neither calculated nor
described by the above expressions.

Fig. 8. Spatial structure of the azimuthal magnetic
�eld of the even eigenmodeE010 of the cylindrical
split-cavity. The cavity dimensions are the same as
in �g. 2.

Figures 8�10 refer to the even modes of the
cylindrical split-cavity, and �g. 11�13 �� to the odd
modes of the split-cavity. The longitudinal structure
of the azimuthal magnetic �eld follows qualitatively
the structure of the longitudinal electric �eld, i.e.

Fig. 9. Spatial structure of the azimuthal magnetic
�eld of the even eigenmodeE020 of the cylindrical
split-cavity. The cavity dimensions are the same as
in �g. 2.

Fig. 10. Spatial structure of the azimuthal magnetic
�eld of the even eigenmodeE031 of the cylindrical
split-cavity. The cavity dimensions are the same as
in �g. 2.

for the even modes, the azimuthal magnetic �elds
are symmetric relative to the plane passing through
the middle of the iris, while for the odd modes the
azimuthal magnetic �elds are anti-symmetric relative
to the plane passing through the middle of the iris.
In the radial direction the azimuthal magnetic �elds
have such number of zeros that correspond to the
mode number, i.e. the magnetic �eld of modej = 1
is nulli�ed one time on the cavity axis, the magnetic
�eld of mode j = 2 is nulli�ed two times (on cavity
axis and inside smaller cavities), etc. Note that the
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Fig. 11. Spatial structure of the azimuthal magnetic
�eld of the odd eigenmodeE011 of the cylindrical split-
cavity. The cavity dimensions are the same as in �g. 2.

Fig. 12. Spatial structure of the azimuthal magnetic
�eld of the odd eigenmodeE021 of the cylindrical split-
cavity. The cavity dimensions are the same as in �g. 2.

azimuthal magnetic �elds have no singularities near
the sharp iris edges.

In this way, the knowledge about the spatial
structure of the modes of cylindrical split-cavity that
were derived from the dispersion equation solution
allows for unambiguous classi�cations of the solutions
found. In addition, this kind of knowledge allows
one to determine the contribution of longitudinal
and transverse harmonics to the structure of the
mode which corresponds to the speci�c calculated
frequency (the above-classi�cation of numeric cases is
approximate). And this, in its turn, enables to simplify
the expressions for electromagnetic �eld components

Fig. 13. Spatial structure of the azimuthal magnetic
�eld of the odd eigenmodeE031 of the cylindrical split-
cavity. The cavity dimensions are the same as in �g. 2.

(the in�nite series can be replaced with one or a
small number of terms). The approximate analytic
expressions for the �elds are indispensable for the
construction of a nonlinear theory of excitation of the
considered slow-wave structures.

3.2. Coaxial Split-Cavity

Let us now go into the dispersion properties and
structure of the �elds of symmetric TM-waves of the
coaxial split-cavity (see �g. 1). The coupling between
smaller cavities (regionsI and II ) is made through a
vacuum coaxial cable (regionIII ).

For the numeric analysis of the coaxial vacuum
split-cavity we shall take a cavity which has the radius
of the inner coaxial cylinder � = 0 :5cm, the other
geometric dimensions coinciding with those of the
cylindrical split-cavity (see Section 3.1 ).

Table 2 presents the �rst four radial harmonics
of the even and odd types of oscillations of the
coaxial cavity which is partitioned by the iris. Note
that the calculated values of the eigenfrequencies
agree with a good accuracy with the frequencies
computed by R.W. Lemke [8] in the in�nite waveguide
approximation, i.e. our method allows us to solve in a
simpler and more natural fashion (without using the
conditional shorting planes) the problem of �nding the
eigenfrequencies and eigenvalues for the coaxial split-
cavity.

As one can gather from the comparison of the
eigenfrequencies of the coaxial split-cavity with those
of the cylindrical one (Table 1), the insertion of
the inner conductor causes the cavity to increase
its frequencies and, over and above, adds on a new
frequency which we designated as number 0. This
mode is a slow wave of the smooth coaxial line (in
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Table 2. Eigenfrequencies of two coupled coaxial
cavities: the outer cylinder radius a = 17:5cm, the
inner cylinder radius � = 0 :5cm, the iris radius b =
15cm, the large cavity length L = 5 :5cm, the iris
thickness g = 0 :5cm

Mode
number,
j

Frequency (GHz),
Even modesE0j 0

Frequency (GHz),
Odd modesE0j 1

0 0.0 0.2438
1 0.7909 1.2864
2 1.6822 2.2016
3 2.5795 2.9999

the smooth line it has no longitudinal electric �eld
component and is designated asT M00), the dispersion
of which is linear, the phase velocity being equal to the
speed of light. With an increase of the inner conductor
radius, its frequency, as eigenfrequencies of the other
modes, increases as well.

As with the cylindrical split-cavity and in order
to identify the solutions found, we shall now
analyze the electromagnetic �eld structure of waves
corresponding to the eigenfrequencies of those newly
found. The �nding of the electromagnetic �elds was
done according to the scheme that is common to all
split-cavities, as described in Section 2.

Figures 14�19 ïshow the image planes and level
lines of the longitudinal electric �eld of even modes
of the coaxial irised cavity, the eigen frequencies of
which are given in Table 2. Figures 14�16 show spatial
distributions in the plane z � r for even harmonics of
the coaxial cavity, while �gures 18�20 do so for odd
harmonics of the coaxial cavity. Each Figure also gives
the cross-sectionsr = r s and z = zs of the image
plane in the radial direction at a �xed coordinate in
the longitudinal direction and in the axial direction at
a �xed transverse coordinate. For the sake of accuracy,
we assumed that the longitudinal electric �eld in the
region inside the iris should be zero.

From the above plots one can see that for the even
modes the longitudinal electric �eld is symmetric in
the longitudinal direction relative to the iris. In each
of the smaller cavities and in the large cavity (the
region III ) the electric �eld is actually homogeneous
longitudinally. In the radial direction, the �eld of mode
1 has a maximum closer to the inner conductor of the
coaxial cavity and goes to zero on the metallic walls
of the cavity. In a similar fashion, the longitudinal
electric �eld of modes 2 and 3 have 1 and 2 zeros,
respectively, in the volume of the cavity. That is to
say, for the chosen geometric dimensions of the cavity
and iris, the �rst three solutions correspond to the �rst
three radial harmonics of the longitudinally-constant
wave. According to the standard terminology, they
can be classi�ed asE0j 0(the �rst index �0� is for the
azimuthally-symmetric waves, the second index �j� �
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Fig. 14. Spatial structure of the longitudinal electric
�eld of the even eigenmodeE010 of the coaxial split-
cavity. The crossing straight lines (r = r s = 10:18,
z = zs = 2 :233) on the level lines plot indicate the
cross-sections of the planez� r , while 1D distributions
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Fig. 15. Spatial structure of the longitudinal electric
�eld of the even eigenmodeE020 of the coaxial split-
cavity. Designations and dimensions of the cavity are
the same as in �g. 14,r s = 10:18, zs = 2 :233.

is for the radial mode number, the third index �0��
stands for the longitudinal mode number).

Figures 17�19 illustrate the structure of the
longitudinal electric �eld of the odd modes of a coaxial
cavity with iris. For those modes the longitudinal
electric �elds in the adjacent smaller cavities have
opposite signs and are equal in their absolute value.
In the radial direction, the �eld of the odd mode
with number �0� goes to zero on the metallic walls
of the cavity, only. This mode is similar to T-mode
in the coaxial slow-wave structures. Note its relative
homogeneity in the transverse cross-section of the
cavity. In a similar fashion, the longitudinal electric
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Fig. 16. Spatial structure of the longitudinal electric
�eld of the even eigenmodeE031 of the coaxial split-
cavity. Designations and dimensions of the cavity are
the same as in �g. 14,r s = 4 :299, zs = 2 :2.

�elds of modes 1 and 2 have 1 and 2 zeros, respectively,
in the volume of the smaller cavity. That is to say, for
the chosen geometric dimensions of the cavity and iris,
the �rst three solutions correspond to the �rst three
radial harmonics of the longitudinally-anti-symmetric
wave. As one can deduce from �g. 17�19, near the
sharp iris edges, the longitudinal electric �elds of the
odd modes rise dramatically which has something to
do with electrostatic features of the electric �eld near
sharp metallic corners. This kind of behavior of the
longitudinal electric �elds is not observable for the
even modes (see �g. 17�19), since at a small iris-�eld
thickness, the amplitudes of the even longitudinal �eld
harmonics, as per the expressions (1)�(3), are small.

-2

0

2

2

4

6

8

10

12

14

16

-2 0 2

2

4

6

8

10

12

14

16

0 2 4z, cm

-3,520
-2,640
-1,760
-0,8800
-2,220E-16
0,8800
1,760
2,640
3,520

E
z
, a.u.

r, cm

Fig. 17. Spatial structure of the longitudinal electric
of the odd eigenmodeE001 of the coaxial split-cavity.
Designations and dimensions of the cavity are the
same as in �g. 14,r s = 14:0, zs = 2 :33.

Figures 20�25 show the spatial structures of
the azimuthal magnetic �eld of the eigenwaves
of the coaxial cavity with partitioning iris, the
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Fig. 18. Spatial structure of the longitudinal electric
�eld of the odd eigenmode E011 of the coaxial split-
cavity. Designations and dimensions of the cavity are
the same as in �g. 14,r s = 4 :998, zs = 2 :4.
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Fig. 19. Spatial structure of the azimuthal magnetic
�eld of the even eigenmodeE021 of the cylindrical
split-cavity. Designations and dimensions of the cavity
are the same as in �g. 14,r s = 3 :002, zs = 2 :4.

eigenfrequencies of which are given in Table 2. the
topography of the longitudinal electric �eld shown
in �g. 14�19. For clarity of representing the �eld
distributions of all partial regions in one diagram, the
azimuthal �elds inside the metallic iris were assumed
to be zero, although they were neither calculated nor
described by the above expressions. Those Figures
show the cross-sections of the 2D �eld structures in
the radial and axial planes. The 1D distributions of
those �elds are given in the same Figures.

Figures 20�22 refer to the even modes of the
cylindrical split-cavity, while �g. 23�25 � to the
odd modes of the cavity. The longitudinal structure
of the azimuthal magnetic �eld follows qualitatively
the structure of the longitudinal electric �eld, i.e.
for the even modes the azimuthal magnetic �elds
are symmetric relative to the plane passing through
the middle of the iris, while for the odd modes the
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Fig. 21. Spatial structure of the azimuthal magnetic
�eld of the even eigenmodeE020 of the coaxial split-
cavity. Designations and dimensions of the cavity are
the same as in �g. 14,r s = 1 :498, zs = 1 :5.

azimuthal magnetic �elds are anti-symmetric relative
to the plane passing through the middle of the iris.
In the radial direction, the azimuthal magnetic �elds
have such number of zeros that correspond to the
mode number, i.e. the magnetic �eld of the mode
j = 0 is not nulli�ed in the volume of the cavity, the
magnetic �eld of the mode j = 1 is nulli�ed once inside
the small cavities, the magnetic �eld of the modej = 2
is nulli�ed twice inside the small cavities, etc.

All magnetic �elds have a maximum on the inner
conductor of the coaxial cavity. And an especially high
value of the azimuthal magnetic �eld is observable for
the harmonic E001 . The eigenwave in this case is of
purely transverse nature (cf. with distribution of the
longitudinal electric �eld in �g. 17). Note that the
azimuthal magnetic �elds have no singularities near
the sharp iris edges.

From the analysis of the electromagnetic �eld
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Fig. 23. Spatial structure of the azimuthal magnetic
�eld of the even eigenmodeE001 of the coaxial split-
cavity. Designations and dimensions of the cavity are
the same as in �g. 14,r s = 1 :498, zs = 1 :5.

structure one can gather that it allows for an
unambiguous classi�cation of the solutions found.
In addition, this knowledge of the electromagnetic
�eld enables to determine the contribution of the
longitudinal and transverse harmonics to the mode
structure, as corresponding to the speci�c calculated
frequency (the classi�cation made in the numeric
cases is approximate). And this, in its turn, enables
to simplify the expressions for electromagnetic �eld
components (the in�nite series can be replaced with
one term or with a small number of them). The
approximate analytic expressions for the �elds are
a useful tool for the construction of a nonlinear
theory of excitation of the slow-wave structures under
consideration.
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Fig. 25. Spatial structure of the azimuthal magnetic
�eld of the odd eigenmodeE021 of the cylindrical split-
cavity. Designations and dimensions of the cavity are
the same as in �g. 14,r s = 1 :0, zs = 4 :0.

3.3. Coaxial Split-Cavity with
Dielectric Imbedding

We shall now study the dispersion properties and �eld
structure of the symmetric TM waves of the coaxial
cavity partitioned into two identical coaxial cavities
with metallic iris. The coaxial region of the large
coaxial cavity is �lled up with a homogeneous and
isotropic dielectric material of the permittivity " .

We have done the numeric analysis of the
eigenfrequencies and �eld structures for the following
geometric dimensions of the coaxial cavity a =
112mm , b = 52 mm , � = 8 mm , L = 50 mm, d =
0:16mm. The relative permittivity of the dielectric
material is " = 3 :0.

Table 3 gives the results of calculations of the
eigenfrequencies for the �rst four radial harmonics of
the even and odd types of oscillations of the coaxial
iris-partitioned cavity.

Table 3. The outer radius of the coaxial cavity a =
11:2cm, the inner radius of the coaxial cavity � =
0:8cm, the iris radius b = 5 :2cm, the large oscillator
length L = 5 :0cm, the iris thickness g = 0 :016cm.
The relative permittivity " = 3 :0. In parenthesis the
frequencies are indicated of the vacuum coaxial split-
cavity ( " = 1 :0).

Mode
number,
j

Frequency (GHz),
Even modesE0j 0

Frequency (GHz),
Odd modesE0j 1

0 0.0 0.714 (0.896)
1 0.886 (1.353) 1.904 (3.153)
2 2.034 (2.818) 2.638 (3.750))
3 3.047 (4.276) 3.429 (4.863)

As follows from the comparison of the
eigenfrequencies of the dielectric and vacuum
cavities the introduction of the dielectric into the
large cavity acts to decrease the frequencies of the
cavity. The frequency which we designated as number
�0� is a slow wave of the smooth coaxial line (see,
discussion of this mode in the preceding section).

Let us analyze the structure of electromagnetic
�elds of the waves that correspond to those found
for the eigenfrequencies. The derivation of the
electromagnetic �elds was made according to the
general scheme described in Section 2.
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Fig. 26. Spatial structure of the longitudinal electric
�eld of the even eigenmode E010 of the coaxial
dielectric split cavity. The crossing straight lines (r =
r s = 6 :722, z = zs = 2 :029) in the level line
plot indicate the cross-sections of the plane: the 1D
distributions along those cross-sections given in the
upper part of the plot and to the right. The parameters
of the dielectric split-cavity are as followsa = 11:2cm,
b = 5 :2cm, L = 5 :0cm, � = 0 :8cm, d = 0 :16mm,
" = 3 :0 .

From the above plots one can see that for the even
modes the longitudinal electric �eld is longitudinally-
symmetric relative to the iris. In each of the smaller
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�eld of the odd eigenmode E001 of the coaxial
dielectric split-cavity. Designations and parameters of
the dielectric cavity are the same as in �g. 26,r s = 2 :0,
zs = 1 :5.

cavities and in the large cavity (regionIII ) the electric
�eld is actually homogeneous in the longitudinal
direction. In the radial direction the �eld of mode
1 has a maximum closer to the inner conductor of
the coaxial cavity and goes to zero on the metallic
cavity walls. Similarly, the longitudinal electric �eld
of mode 2 has one zero in the volume of the cavity,
i.e. for the chosen geometric dimensions of the cavity
and iris the �rst two solutions correspond to the �rst
two radial harmonics of the longitudinally-constant
wave. In standard terminology they can be classi�ed
as E0j 0(the �rst index �0� is for the azimuthally
symmetric waves, the second index �j� is for the mode
number, the third index �0� indicates the number of
the longitudinal mode).

Figures 28,29 illustrate the structure of the
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Fig. 29. Spatial structure of the longitudinal electric
�eld of the odd eigenmode E011 of the coaxial
dielectric split-cavity. Designations and parameters of
the dielectric cavity are the same as in �g. 26,r s = 5 :0,
zs = 1 :0.

longitudinal electric �eld of the odd modes of the
dielectric coaxial cavity with iris. For those modes
the longitudinal electric �elds in the adjacent smaller
cavities have opposite signs and are equal in their
absolute value. In the radial direction the �eld of
the odd mode 0 is nulli�ed on the metallic walls of
the cavity, only. This mode is similar to T-mode in
the coaxial slow wave structures. Note its relative
homogeneity in the transverse cross-section of the
cavity. The longitudinal electric �eld of mode 1 has
one zero in the volume of the small cavity, i.e. for
the chosen geometric dimensions of the cavity and iris
the �rst three solutions correspond to the �rst three
radial harmonics of the longitudinally-anti-symmetric
wave. As one can gather from �g. 28,29, near the
sharp iris edges, the longitudinal electric �elds of the
odd modes rise steeply which has a lot to do with
the electrostatic features of the electric �eld near
sharp metallic corners. This kind of behavior of the
longitudinal electric �elds is actually absent for the
even modes (see �g. 26,27), since at a small iris �eld
thickness the amplitudes of the even harmonics of the
longitudinal �eld are small near the iris sharp corners
in accordance with the expressions (1)�(3).

Figures 30�33 show the spatial structures of the
azimuthal magnetic �eld of eigenwaves of the coaxial
split-cavity, the eigenfrequencies of which are given
in Table 3 while the longitudinal electric �eld
topography is shown in �g. 26�29. For clarity of
representing the �eld distributions in all the partial
regions in one diagram, the azimuthal �elds inside the
metallic iris were assumed to be zero, although they
were neither computed nor described by the above
expressions. The same Figures give the cross-sections
of the 2D �eld structures via radial and axial planes.
The 1D distributions of the �elds are given in the same
Figures.
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Fig. 31. Spatial structure of the azimuthal magnetic
�eld of the even eigenmode E020 of the coaxial
dielectric split-cavity. Designations and parameters of
the dielectric cavity are the same as in �g. 26,r s = 5 :0,
zs = 3 :0.

Figures 30,31 refer to the even modes of the
cylindrical split-cavity, while �g. 32,33 � to the odd
modes of the cavity. The longitudinal structure of
the azimuthal magnetic �eld follows qualitatively the
structure of the longitudinal electric �eld, i.e. for
the even modes the azimuthal magnetic �elds are
symmetric relative to the plane, passing through the
middle of the iris, and for the odd modes the azimuthal
magnetic �elds are anti-symmetric relative to the
plane, passing through the middle of the iris. In the
radial direction the azimuthal magnetic �elds have the
number of zeros that correspond to the mode number,
i.e. the magnetic �eld of mode j = 0 is not nulli�ed
in the volume of the cavity, while the magnetic �eld
of mode j = 1 is nulli�ed only once inside the smaller
cavities.
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Fig. 32. Spatial structure of the azimuthal magnetic
�eld of the odd eigenmode E001 of the coaxial
dielectric split-cavity. Designations and parameters of
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Fig. 33. Spatial structure of the azimuthal magnetic
�eld of the odd eigenmodeE of the coaxial dielectric
split-cavity. Designations and parameters of the
dielectric cavity are the same as in �g. 26, r s = 9 :0,
zs = 1 :0.

All magnetic �elds have a maximum on the inner
conductor of the coaxial cavity. And an especially high
value of the azimuthal magnetic �eld is observable for
the harmonic E001 . The eigenwave in this particular
case has a purely transverse character (cf. with
longitudinal electric �eld distribution in �g. 28).
Note that the azimuthal magnetic �elds have no
singularities near the sharp iris edges. From analysis
of the electromagnetic �eld structure it follows that it
enables to classify unambiguously the solutions found.
Besides, this knowledge about the electromagnetic
�eld allows us to determine the contribution of
longitudinal and transverse harmonics to the structure
of the mode which corresponds to the speci�c
calculated frequency (the classi�cation made above
in the numeric cases is approximate). And this, in
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its turn, allows us to simplify the expressions for
electromagnetic �eld components (the in�nite series
can now be replaced with one or a small number of
terms). The approximate analytic expressions for the
�elds are useful for the construction of a nonlinear
theory of excitation of the slow wave structures
considered.

4. Conclusions and Guidelines

This research o�ers a computational method for
eigenfrequencies of the axially-symmetric split-
cavities. This method is based on the relatively simple
and well-founded partial regions method. It requires
neither any additional assumptions in the form of
insertion of the conditional metallic walls of the
cavity nor any further selection from the continuous
spectrum to �nd as many eigenfrequencies as possible
in the two-cavity system. Besides, the above method
admits easily further improvement in the accuracy of
the solution-�ndings.

We demonstrate that all possible eigenfrequencies
of the split-cavity can be broken down into two
categories. Each category is described by its own
dispersion equation, each being independent of the
other. The �rst one determines eigenfrequencies
of even oscillations relative to the longitudinal
coordinate, while the second describes odd oscillations
relative to the longitudinal coordinate of the large
cavity partitioned with metallic iris into two smaller
cavities. For the even types of oscillations the �eld
in the region that couples the smaller cavities is
described only by the sum of even longitudinal
harmonics of the standing wave, while for the odd
types it is described only by the sum of odd
longitudinal harmonics of the standing wave.

In order to identify the solutions found, the 2D ( r �
z) analysis of the eigen�eld structure was performed.
It was demonstrated that, if the comparison is to
be made with the in�nite irised waveguide, then the
even type of oscillations would correspond to the0-
type of oscillations at which the �elds in the adjacent
cavities are symmetrical relative to the metallic iris,
while the odd type of oscillations would correspond
to the � -type of oscillations at which the �elds in
adjacent cavities are anti-symmetrical relative to the
metallic iris. Note that the knowledge of the eigen�eld
structure is important not only for identi�cation of
the solutions found, but also it is important for the
construction of a nonlinear theory of excitation of the
split-cavities with e-beam.

The above numeric calculations for di�erent types
of the axially-symmetric split-cavities (cylindrical,
coaxial, coaxial with dielectric imbedding) displayed
a fast convergence of the method used and good
agreement with the known results.

In this way, our proprietary method for calculations
of eigenfrequencies and its numeric implementation in
the form of a complex of softwares enables to compute
the parameters of high-power oscillators on the base of
split-cavities. Let us assess, for instance, the electron
beam energy that is needed to drive a coaxial split-
cavity with dielectric imbedding, the parameters of
which are given in Table 3. The highest microwave
e�ciency, as one can deduce from reference [7], is to be
expected while meeting the condition (!L=v 0 � 0:5� ,
! � the angular frequency, L � the longitudinal size
of smaller cavity, v0 � the electron beam velocity).
By using the data from Table 3, while exciting the
lowest anti-symmetric mode (E001) we obtain that
this condition is met, if the e-beam power is15;25 kV.
To excite the subsequent radial anti-symmetric mode(
E011) the power of the e-beam should be150;24 kV.

Manuscript received December 20, 2006.
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