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Abstract

It is shown that the Dirac equation may describe a coupled system of electromagnetic (in the terms of field
strengths) and scalar fields. The unitary relationship between the slightly generalized Maxwell equations with
gradient-type 4-current and the Dirac equation is found. It is demonstrated that together with spinor symmetry
the massless Dirac equation has also Poincare tensor-scalar and vector symmetries. In the considered Maxwell
equations an interaction with external potential field, modeling some medium, is introduced. It is shown that the
solutions of the Maxwell equations in such medium reconstruct the discrete states and the relativistic spectra
of the hydrogen-like atoms. These facts are interpreted as the consequences of the unitary relationship between
the Dirac and slightly generalized Maxwell equations. Thus, the electrodynamical aspect of the Dirac equation is
demonstrated.

1. Introduction Our second step is the symmetry principle. On
the basis of this principle we introduced in [3, 4]
the most symmetrical form of generalized Maxwell
equations which now can describe both bosons and
fermions because they have (see [3,4]) both spin 1
and spin 1/2 symmetries. On the other hand, namely
these equations are unitarily connected with the Dirac
equation.

On the basis of unitary relationship between the
Dirac and the slightly generalized Maxwell equations
we are able to show the new features of the well known
Dirac equation. We demonstrate the electrodynamical
aspect of the Dirac equation. It is shown that
this equation may describe the coupled system of
electromagnetic (in the terms of field strengths) and

In our third step we refer to Sallhofer, who
scalar fields.

suggested in [5-7] the possibility of introduction

The first step in our consideration is the unitary of interaction with external field as the interaction
relationship (and wide range analogy) between the with specific media in the Maxwell theory (a new
Dirac equation and slightly generalized Maxwell way of introduction of the interaction into the field
equations [1,2]. equations). Nevertheless, our model of atom (and
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of electron) [1, 2] is essentially different from the
Sallhofer’s one.

On the basis of these three main ideas we are able to
demonstrate the electrodynamical aspect of the Dirac
theory of atom and of atomic electron.

The interest to the problem of relationship between
the Dirac and Maxwell equations dates back to the
time of creation of quantum mechanics [8-18]. But the
authors of these papers considered the most simple
example of free and massless Dirac equation. The
interest to this relationship has grown in recent years
due to the results [5-7], where the investigations of the
case my # 0 and the interaction potential ® # 0 were
started. Another approach was developed in [19-26],
where the quadratic relations between the fermionic
and bosonic amplitudes were found and used. In our
above mentioned papers [1-4], in publications [27-32]
and herein we consider the linear relations between
the fermionic and bosonic amplitudes. In [27-32] we
have found the relationship between the symmetry
properties of the Dirac and Maxwell equations,
the complete set of 8 transformations linking these
equations, the relationship between the conservation
laws for the electromagnetic and spinor fields, the
relationship between the Lagrangians for these fields.
Here we summarize our previous results and give
some new details (Lamb shift consideration) of the
inneratomic electrodynamics and its application to
the hydrogen atom. The facts under consideration we
interpret below on the basis of the Dirac (not Maxwell)
equation.

2. Slightly Generalized Maxwell
Equations with Maximal
Symmetry Properties and
Their Relationship with the
Massless Dirac Equation

Consider the Maxwell equations with specific

(gradient-type) form of electric and magnetic sources

and the symmetry properties of such equations.

Namely such equations are shown [1-4] to be directly

related to the massless Dirac equation. Corresponding
equations for the system of electromagnetic and scalar

fields (E, ﬁ,EO, H?) have the form:

E = curl H — grad E°,
80.7? = —curlE — grad H,
divE = —9yE°,

divAl = 9o H".

(1)

The Egs. (1) are nothing more than the slightly
generalized Maxwell equations with gradient-like
electric and magnetic sources j; = —B#EO, i =

-0, H°, ie.
.;e = gradEo7 jmag = gradH07 (2)
Pe = _aOEov Pmag = _80H0~

In terms of complex 4-component object £ = (£") =
E—iH

€ 1 = column |[E' — iH!,

E? —iH? E* —iH® E° —iH°| (3)

where & = E —iH is the well-known complex form for
the electromagnetic field used by Majorana as far back
as near 1930 (see, e.g., [9]), Egs. (1) may be rewritten
in the manifestly covariant form
0y — 0,E, +igppe0PE7 =0, 0,8M=0. (4)

It is useful also to consider the following form of Egs.
(1), (4):

(i0y — S - )€ —igrad€° =0, 9" =0, (5)
where § = ($9) are the generators of irreducible

representation D(1) of the group SU(2), i.e. the
quantum-mechanical spin 1 operator:

00 0
St=10 0 —i]|,

0 i 0

0 0 i
S2=10 0 0],

i 0 0 (6)

0 -1 0
S3=11i 0 0],

0 0 0

S =101+ 1)1

Equations (1),(4),(5) are directly connected with
the free massless Dirac equation

iv"0,¥(z) =0. (7)
The substitution of
E3 +iH°
_ E' +iFE? B
7;[} - iH3 + EO - U‘Sa
—H? 4+ iH!
0 0 C+ 07 (8)
U — cy iCy 0 0
10 0o C-. Cy |’
c_ iC_ 0 0
1
C¢E§(CIF1), Cv=v* CcE=¢&F

into Dirac equation (7) with ~ matrices in
standard Pauli-Dirac representation guarantees its
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transformation into the generalized Maxwell equations
(1),(4),(5). Thus, the equations (1),(4),(5) may be
interpreted as the electrodynamical representation
of the massless Dirac equation.The complete set of
8 transformations like (8), which relate generalized
Maxwell equations (4) and massless Dirac equation
(7), was found in [27,28]. Unitary relationship between
the generalized Maxwell equations (4) and massless
Dirac equation (7) can be found in our papers [30-32].
The unitarity of the operator (8) can be verified
easily by taking into account that the equations

(AC)' = A, aC=Ca*, (aC)" =Ca  (9)

hold for an arbitrary matrix A and a complex number
a. We note that in the real algebra (i. e. the algebra
over the field of real numbers) and in the Hilbert space
of quantum mechanical amplitudes this operator has
all properties of unitarity.

Equations (4) (or their another representations
(1),(5),(7)) are the maximally symmetrical form of
the generalized Maxwell equations. We consider here
representation (4) as an example. On the other hand it
is the electrodynamical representation of the massless
Dirac equation. The following theorem is valid.

Theorem. The generalized Mazwell equations (4)
(the massless Dirac equation (7)) are (is) invariant
with respect to the three different transformations,
which are generated by three different representations
PV, PTS P of the Poincaré group P(1,3) given by
the formulae

E(z) — €Y (x) = AE(A Mz — a)),
E(z) — ET9(2) = F(NEN Yz — a)), (10)
E(z) — E%(x) = S(MEA (z — a))

where A is a wvector (i. e. (1/2,1/2)), F(A) is a
tensor-scalar ((0,1) ® (0,0)) and S(A) is a spinor
representation ((0,1/2)®(1/2,0)) of SL(2,C) group.
This means that the equations (4) (or (7)) have both
spin 1 and spin 1/2 symmetries.

Proof. Let wus write the infinitesimal
transformations, following from (10), in the form

EVTSS(z) = (1 — a8, — %w”"j:ffs’s)é’(m‘). (11)
Then the generators of the transformations (11) have
the form

b = %, o5 = 2,0, — 100, + shyT 5% (12)
where
(o)t = 6% G0y — 04000, Spy € (% %) :
a5 =] e lewos o).
szg = —s?;p D5l = —igmmigT 58} =87, (13)
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(87 are given by the formula (6)) and

1.0 - ~
ga = l[vp»'}/a]a Y= UT'VUv (14)

s
(the unitary operator U is given by the formula (8), ¥
matrices here may be easily found according to (14)).
The explicit form of 4 matrices is following;:

100 0
- 010 0
0 __
=001 0 |9
000 -1
0 0 0 1
4 |0 0 -io0
T=l0 i 0 0l|%
10 0 0 15)
0 0 i 0
» |0 0 01
=S 0 0 09
0 -1 0 0
0 —i 0 0
5 |10 0 0
=10 0o 0o 1|
0 0 -1 0

We call the representation (15) the bosonic
representation of the v matrices. In this representation
the imaginary unit ¢ is represented by the 4 x 4 matrix
operator.

Vivt =ir,
0 i 0 0
-i 0 0 0 _

T=l0 o o0 -1 =rf=r"1, (16)
0 0 -1 0

r2=1.

Due to the unitarity of the operator U in (8), the
matrices not only obey the Clifford-Dirac algebra

T+ 7T = 20" (17)

but also have the same Hermitian properties as the
Pauli-Dirac v* matrices:

Pt =70, =7 (18)

Thus, the formulae (15) give indeed an exotic
representation of v#* matrices.

Now the proof of the theorem is reduced to
the verification that all the generators (12) obey
the commutation relations of the P(1,3) group and
commute with the operator of the generalized Maxwell
equations (4)=(5), which can be rewritten in the Dirac
form

F0,E(x) =0 (19)

(for some details see Refs. [3,4]). QED.
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This result about the generalized Maxwell equations
(4) (the Dirac equation (7) in electrodynamical
representation) means the following. From group
theoretical point of view these equations can describe
both bosons and fermions. This means that one
has direct group-theoretical grounds to apply these
equations for the description of electron, as it is
presented below in Sec. 5. However, for the Dirac
equation this situation is ordinary.

A distinctive feature of the equation (4) for the
system £ = (€,€%) (i.e. for the system of interacting
irreducible (0,1) and (0,0) fields) is the following.
It is the manifestly covariant equation with minimal
number of components, i. e. the equation without
redundant components for this system.

Note that each of the three representations (10) of
the P(1,3) group is a local one, because each matrix
part of transformations (10) (matrices A, F(A) and
S(A) ) does not depend on coordinates = € R*, and,
consequently, the generators (12) belong to the Lie
class of operators. Each of the transformations in
(10) may be understood as connected with special
relativity transformations in the space-time R* = {z),
i.e. with transformations in the manifold of inertial
frame of references.

We emphasize that the equation (19) has the form
of massless Dirac equation for fermions field. In such
consideration of equation (19) the ¥ matrices may
be chosen in arbitrary representation (e.g., in each of
representations of Pauli-Dirac, Majorana, Weyl, ...).
However, only in exotic representation (15) equation
(19) is the Maxwell equation for the system of
interacting electromagnetic & = E — iH and scalar
E% = EY — iH" fields (therefore, we have called
the representation (15) the bosonic one). Thus, if
one considers the equation (19) as bosonic one, the
representation of v* matrices and their explicit form
must be fized in the form (15). In the case of bosonic
interpretation of Eq. (7) one must fixes the explicit
form of v* in standard Pauli-Dirac representation and
fixes the form of ¥ as (8).

It follows from the Egs. (4) that the field & =
(£,€% is massless, ie. 9“9, = 0. Therefore
it is interesting to note that neither PV, nor
PTS symmetries cannot be extended to the local
conformal C(1,3) symmetry. Only the spinor C*°
representation of C(1,3) group, obtained from the
local P° representation, is the symmetry group for
the generalized Maxwell equations (4). This fact is
understandable: the electromagnetic field E=E—iH
obeying Eqgs. (4) is not free, it interacts with the scalar
field £°.

Consider the particular case of standard (non-
generalized) Maxwell equations, namely, the case of
equations (4) without magnetic charge and current
densities, i. e. the case when HY = 0 but
E° # 0. The symmetry properties of such standard

equations are strongly restricted in comparison
with the generalized Eqs. (4): they are invariant
only with respect to tensor-scalar (spins 1 and
0) representation of Poincaré group defined by
the corresponding representation (0,1) ® (0,0) of
proper ortochronous Lorentz group SL(2,C). Another
symmetries mentioned in the theorem are lost for this
case too. The proof of this assertion follows from
the fact that the vector ((1/2,1/2)) and the spinor
((0,1/2)® (1/2 0)) transformations of € = (£, £°) mix
the £9 and € components of the field £, and only the
tensor-scalar (0,1)® (0,0) transformations do not mix
them.

For the free Maxwell equation in vacuum without
sources (the case E° = H? = 0) the losing of
above mentioned symmetries is evident from the
same reasons. Moreover, it is well known that such
equations are invariant only with respect to tensor
(spin 1) representations of Poincaré and conformal
groups and with respect to dual transformation: E—
H ,f[ — —E. We have obtained the extended 32-
dimensional Lie algebra [33] (and the corresponding
group) of invariance of free Maxwell equations, which
is isomorphic to C'(1,3) @ C(1,3) ® dual algebra. We
were successful to prove it appealing not to Lie class
of symmetry operators but to a more general, namely,
to the simplest Lie-Backlund class of operators. The
corresponding generalization of symmetries of Egs. (4)
presented in the above theorem leads to a wide 246-
dimensional Lie algebra in the class of first order Lie-
Backlund operators. Thus, the Maxwell equations (4)
with electric and magnetic gradient-like sources have
the maximally possible symmetry properties among
the standard and generalized equations of classical
electrodynamics.

The general solution of Eqgs. (4) was found in [31,32]
directly by the application of Fourier method. In terms
of helicity amplitudes ¢#(k) this solution has the form

o= [

where 4-component basis vectors e, are taken in the
form

{ [c'er + ¢ (es +ed)] e —iha

+ [c er+c™ (es+eq)] e} (20)

e = 63 €y = 63
1= 0 ) 2 — 0 ; (21)
o €3 10

63 - O I 64 - 1

Here the 3-component basis vectors which, without
any loss of generality, can be taken as

1 wk? — ik'E3
€1 = —wk —ik2k3
2 (k1K + k2k2?)

)

i (k'K + k2K?) (22)

€3 =

N
I
Al

i

€7
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are the eigenvectors for the quantum-mechanical
helicity operator for the spin s = 1.

Remark. The general first-order differential
equation in partial derivatives for the coupled system
of tensor fields, which contain both massless and
non-zero mass Dirac equations, was considered by
Madelung and Lanczos [34-36] (both in quaternion
or ordinary treatment). Recently this equation
was considered in [37, 38]. In the paper [38] the
solutions of Madelung-Lanczos (Dirac-Kahler)
equation in the form of matrix-dyads were found
and some additional symmetries of this equation
were considered. Such equation is the system of
16 equations for 16 (real) functions. Namely, it is
the coupled system of field strengths (E, H), scalar
fields (E°, H°) and potentials (together with dual
potentials) A = (4"), A = (AM).

For the massless case this equation was called as the
generalized Maxwell equations (see [37] and references
there in). Such generalized Maxwell equations from
[37] are the system of 11 equations for 11 (real)
functions. Namely, it is the coupled system of field
strengths (E, H), one scalar field (E°) and potentials
A = (A*). It is the subsystem of Madelung - Lanczos
(Dirac - Kahler) equation with only one real scalar
field and only ordinary potentials.

We have considered in [1-4, 31] (and here) the
subsystem of above mentioned system for another
object. We deal with the system of 8 equations for
8 (real) functions, or with 4 equations for 4 complex
functions. Such equations contain only field strengths
(ZZ', H,E°, H%) of electromagnetic-scalar field and not
contain the potentials A = (A*), A = (A*). In
this sense considered by us system of equations is
the minimal generalization of the ordinary Maxwell
equations (hence, we called it slightly generalized
Mazwell equations (SGME) [39]). The subsystem of
our SGME system with only one real scalar field
E° # 0, H° = 0, (its solutions and symmetries)
was also considered in our papers [1-4,31] , especially
in [32,40].

One of the distinctive features of our (SGME)
system of equations is following. Such system is
invariant with respect to the three essentially different
local representations of one and the same fundamental
relativistic group, i. e. of the Poincaré group (see the
corresponding theorem above and also [3, 4]). The
most interesting distinctive feature is that namely
these equations (SGME) allowed us to describe (after
introducing into them the interaction with external
field in the form of Sallhofer’s permeabilities [5-7])
the quantum stationary states of the hydrogen atom
(see the Sec.3 below). (End of remark).

Note that if the quantities E, H? in Eqgs. (1) are

"Electromagnetic Phenomena", V.3, Nel1 (9), 2003

some given functions for which the representation

2 . .
E° —iH® = /d3k (2“))3 (c3e_”“” + c4elk$) (23)
\/ T

is valid, then Egs. (1) are the Maxwell equations
with the given sources, j§ = —d,E°, ji* = —0,H"
(namely these 4 currents we call the gradient-like
sources). In this case the general solution of the
Maxwell equations (1)=(4) with the given sources, as
follows from (20), has the form

B(r) = /d3k: 5 (;‘;)3 (e

+c%85 + aég) e FT 4 e

H(z) = i/dg’km&leﬁ

—P8 + 553) e FT 4 e

(24)

where the amplitudes of longitudinal waves
ésexp (—ikz) are a = 3 + ¢, B = & — ¢t and
c3,c¢* are determined by the functions E° H°
according to the Eq. (23).

The longitudinal electromagnetic waves were the
object of long time investigation of Hvorostenko [41].
Here we are able (i) to add to his results the exact
solution of the Maxwell equations with gradient-like
sources which contains such a waves and (ii) to make
the assertion about location of these waves in the same
space-time area where the gradient-like sources are
located (the reason: the amplitudes ¢3, ¢* which define
this waves and the gradient-like sources are the same).

Note that on arbitrary step of procedure of finding
the solution (20) one may put H° = 0, or ¢* = 0, and
consider in such easy way the partial case with only
one scalar field E° # 0.

Now, knowing the operator U (8), it is easy
to obtain the relationship between the amplitudes
a”(k), b"(k) determining the well known fermionic
solution of the massless Dirac equation, and the
amplitudes ¢®(k), determining the bosonic solution
(20). Corresponding formulae related fermionic and
bosonic amplitudes were found in [31,32]. Therefore,
the fermionic states may be constructed over bosonic
states. This assertion finishes the consideration of
group-theoretical grounds of our model.

3. New Classical
Electrodynamical Hydrogen
Atom Model

The generalized Maxwell equations (1) may be
extended on the case of specific inneratomic medium.
Namely these equations are put into the ground of our
model of atom.
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Consider the slightly generalized Maxwell equations
with gradient-type sources in a medium:

curl H — BOEE = 367
curl E + 80,uﬁ = jmag,

. (25)
diveE = pe,

divuﬁ = Pmayg,

where E and H are the electromagnetic field
strengths, ¢ and p are the electric and magnetic
permeabilities of the medium being the same as in the
electrodynamical hydrogen atom model of H. Sallhofer
[5-7,42]:

O (7
(@) =1- 2@ +mo
w
26
H @(f) — My ( )
p(@) =1- 2 - mmo
w
where @ (¥) = —Ze?/r (we use the units: h = ¢ =

1, transition to standard system is fulfilled by the
substitution w — hw, my — mygc?)). The current
and charge densities in equations (25) have the form

—

Jo = gradE°,
jnmg = —gradHO,

. 27
pe = —epdoE° 4 Egrade, 27)

Pmag = —epdoHC + ﬁgradu

where E°, H is the pair of functions (two real scalar
fields) generating the densities of gradient-like sources.

One can easily see that equations (25) are not
ordinary electrodynamical equations known from the
Maxwell theory. These equations have the additional
terms which can be considered as the magnetic current
and charge densities — in one possible interpretation,
or equations (25) can be considered as the equations
for compound system of electromagnetic (E , H ) and
scalar EY, H? fields in another possible interpretation.

Contrary to [1, 2], here the equations (25) are
solved directly by means of separation of variables
method. It is useful to rewrite these equations in the
mathematically equivalent form where the sources are
maximally simple:

curl H — 5805 = 567
curl E + ,uaoﬁ = fmag,

divE =pe, (28)
divH :p,:ag
where
jo = grad E°, fmag = —grad H,
(29)

;e: _NGOEO, ;mag: _580H0~

Consider the stationary solutions of equations (28).
Assuming the harmonic time dependence for the

functions E°, H°

EO(t,%) = EQ (&) cos wt + E%(Z) sinwt,

0 0 0 (=) (30)
H"(t,Z) = Hy (%) coswt + Hp (&) sinwt,

we are looking for the solutions of equations (28) in

the form
E(t, &) = EA(Z) coswt + Ep(Z) sinwt, (31)
H(t,7) = Ha(Z) coswt + Hp () sinwt.

For the 16 time-independent amplitudes we obtain
the following two nonlinked subsystems

curl Hy — weEp = grad Eg,

curlE_}g — qu—fA = —gradH%,

- (32)
div Ep = wpEY,
divHy = —weHY,
curl Hg + weE, = grad E%,
curl B4 + wuHp = — rad HS,
A Hiip g A (33)

divE, = —wuEY,
divHp = weH 9.
Below we consider only the first subsystem (32). It
is quite enough because the subsystems (32) and (33)
are connected with transformations
F—H H— —F,
el — pH, pH — —¢E, (34)

E—HM, H—E,

which  are the generalizations of duality
transformation of free electromagnetic field. Due
to this fact the solutions of subsystem (33) can be
easily obtained from the solutions of subsystem (32).

Furthermore, it is useful to separate equations (32)
into the following subsystems:

weEY — 0 H?% + 0. HY + 03EY =0,
weHY + 01 HY + 0, HA + 03HS = 0,

~wpEY + 0 Ep + 0 Ef + 0sE3 =0, (3)
WuHS — 01E% + 0B — 03HY =0
and
weEL — 0.HY + 0sH5 + 01 EY = 0,
weE} — OsHY + 01 H3 + 0.EY =0, (36)

wpHY — 0, E% + 03E% — 0,HY = 0,
w,uHi — 63Eé + 81Ef’3 — 62H% = 0.
Assuming the spherical symmetry case, when
O(Z) = ®(r), r = |Z|, we are making the transition
into the spherical coordinate system and looking for
the solutions in the spherical coordinates in the form

(E,H)(r) = R(E,H) (r) f(E,H) (0,9) (37)
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where F = (E7 EO) , H = (ﬁ,HO). We choose for
the subsystem (35) the d’Alembert Ansatz in the form

0 _ = i

EA :CE4RH4BH4m4e s

=k _ = M, — i

Ep=Cp.Rp P te ke 9
— _ - 38
Hp=Cu Ry, e ™0, k=1,2,3.
7k _ A My —im
Hy=Cp Ry, Plte ke,

We use the following representation for d;, 0o, 03
operators in spherical coordinates

01CRP"eTim?
= 2041 COS¢ (Ral""lpl——li_l - R,—l])l+—1~_1)
Fitm-Do M pm B
te C’sinﬁpl r’
Do CRP"eTime
eFimoC . . (39)
= 2l + 1 Slnd) (R1l+1Pl7—1‘r1 - Ra_lf)l*‘r-l‘rl)
) i R
sin 6 r
: eTimeC
830Rlee:F‘m¢ = (R,l+1(l + m)]DZ"jl

20+ 1
+R_(l—m+1)P,).

Substitutions (38) and (39) together with the
assumptions

Rg, = Rg, Ig, =g,

Ry, = Ry, lg, =m,

my =M =M3 — 1 =My,

ng = iC£2, gEz = _iQElv
CH4 = _iCEga CH3 = _iCE47

Cy, = 55;4(1}1 +m+1),
C,=—Cp, =T,

Chy = Cp,(ly +m +1) (40)
Cp,=—Cp,=C",

Cp, = C, (15 —m),

=1L -1=1,

Cy = —C (1 —m),

Cp =-Cp =0,

—IT
Cp, = —Cg,(F +m+1),
= 1=
into the subsystem (35) guarantee the separation of
variables in these equations and lead to the pair of

equations for two radial functions Rg, Ry (for the
subsystem (36) the procedure is similar):

ewREL — Rf{ﬁl =0,

(41)
/J’UJR% + RIE,H—Q = 07

"Electromagnetic Phenomena", V.3, Nel1 (9), 2003

11 7
ewRp — Ry 41 =0,

poRl + RY .,y =0

d a
re= (249)n

For the case ® = —ze?/r (electric and magnetic
permeabilities are given in (26)) the equations
(41),(42) coincide exactly with the radial equations
for the hydrogen atom of the Dirac theory and,
therefore, the procedure of their solution is the same
as in well-known monographs on relativistic quantum
mechanics. It leads to the well-known Sommerfeld-
Dirac formula for the fine structure of the hydrogen
spectrum. We note only that here the discrete picture
of energetic spectrum in the domain 0 < w < mygc?
is guaranteed by the demand for the solutions of
the radial equations (41), (42) to decrease on infinity
(when r — 00). From the equations (41), (42) and this
condition the Sommerfeld-Dirac formula

(42)

2
w=wh = Moc (43)

" N
N =k

follows, where the notations of the Dirac theory (see,
e.g., [43]) are used: n, = n—k, k=j+1/2, a =
e?/hc. Let us note once more that the result (43) is
obtained here not from the Dirac equation, but from
the Maxwell equations (25) with sources (27) in the
medium (26).

Substituting (40) into (38) one can easy obtain
the angular part of the hydrogen solutions for the
(E, H,E°, H°) field and calculate according to (27) the
corresponding currents and charges. Let us write down
the explicit form for the set of electromagnetic field
strengths (E, H ), which are the hydrogen solutions of
equations (25), and also for the currents and charges
generating these field strengths (the complete set of
solutions is represented in [1,2]:

B (=l +m —1) P}, cosme,

E'=Rp| (I—m+1) P sinmg, |,
—Pﬂﬁ“l cos(m+1)¢

. (l+m+1)P"sinmeg,

HI =RL| (I+m+1)P™cosme, |,

—1Dlm+1 sin (m + 1) ¢ (44)

jz = grad R, P/ cos (m + 1) ¢,

Jhag = —grad RLPIT sin (m +1) 6,
pé = (€R{E) 142 le+1 cos (m +1) ¢,

Phag = — (uRE) _, Pl sin (m + 1) ¢,

,—
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(I 4+ m) P™, cosm¢
E = R (=1 —m) P, sinm¢

Pl”f‘fl cos(m + 1)¢

(=l +m) P" sinm¢
H' = R (=l +m) P cosmg |,

—P™sin(m +1) ¢ (45)
7H = grad REF P cos (m + 1) ¢,
Jiiag = —grad Ry P sin (m + 1) 6,

p({I = — (ERIEI) L1 le+1 cos(m+1) ¢,

pﬁag = - (/LRJILII),H_l Pln_l—li_l sin (m =+ 1) (;5

In one of the possible interpretations the states
of the hydrogen atom are described by these
field strength functions E,H generated by the
corresponding currents and charge densities.

It is evident from (25),(27) that currents and
charges in (44),(45) are generated by scalar fields
(E°, H?). Corresponding to (44),(45), (EY,HY)
solutions of equations (25) are the following:

B = R, P cos (m +1) ¢,
H'™ = RpPi " sin(m +1) ¢,
EMO = R P™ 1 cos (m + 1) ¢,
HMO = R P™ M sin (m + 1) ¢.

(46)

As in quantum theory, the numbers n = 0,1,2,...;
j=k-1/2=1F1/2(k=1,2,..,n) and m = —I, =1+
1,...,l mark both the terms (43) and the corresponding
exponentially decreasing field functions E,ﬁ (and
E° H) in (44)-(46), i. e. they mark the different
discrete states of the classical electrodynamical field
(and the densities of the currents and charges) which
by definitions describes the corresponding states of
hydrogen atom in the model under consideration.

Note that the radial equations (41),(42) cannot
be obtained if one neglects the sources in equations
(25), or one (electric or magnetic) of these sources.
Moreover, in this case there is no solution effectively
concentrated in atomic region.

Now we can show on the basis of this model that
the assertions known as Bohr’s postulates are the
consequences of equations (25) and of their classical
interpretation, i. e. these assertions can be derived
from the model, there is no necessity to postulate
them from beyond the framework of classical physics
as it was in Bohr’s theory. To derive the first Bohr’s
postulate one can calculate the generalized Pointing
vector for the hydrogen solutions (44)—(46), i. e. for
the compound system of stationary electromagnetic
and scalar fields (E, H, E°, H)

Poep = /d%(ﬁ x H—EE°—HH®).  (47)

The straightforward calculations show that not only
vector (47) is identically equal to zero but the Pointing

vector itself and the term with scalar fields (EY, H?)
are also identically equal to zero:

ﬁ:/d?’x(ﬁxﬁ)zo,
(48)
/dgx(EEo +HH% =0.

This means that in stationary states hydrogen atom
does not emit any Pointing radiation neither due to
the electromagnetic (E,ﬁ ) field, nor to the scalar
(E°, H?) field. That is the mathematical proof of the
first Bohr postulate.

The similar calculations of the energy for the same
system

1 Lo
W = §/d3x(E2—|—H2+E§+H§) (49)

give a constant W, depending on n,! (or n,j) and
independent of m. In our model this constant is to
be identified with the parameter w in equations (1)

which in the stationary states of (E, ﬁ,EO7H0) field
appears to be equal to the Sommerfeld-Dirac value
wﬁgd (43). By abandoning the i = ¢ = 1 system and
putting arbitrary ”A” in equations (25) instead of &
we obtain final w%’d with ”A” instead of h. Then the
numerical value of i can be obtained by comparison of
wﬁjy-d containing ”A” with the experiment. These facts
complete the proof of the second Bohr postulate.

This result means that in this model the
Bohr postulates are no longer postulates, but the
direct consequences of the classical electrodynamical
equation (25). Moreover, this means that together
with Dirac or Schrodinger equations we have now
the new equation which can be used for finding
the solutions of atomic spectroscopy problems. In
contradiction to the well-known equations of quantum
mechanics our equation is the classical one.

Being aware that few interpretations of quantum
mechanics (e.g.: Copenhagen, statistical, Feynman’s,
Everett’s, transactional, see e.g. [44-47]) exist, we are
far from thinking that here the interpretation can be
the only one (about different models of atom see, e.g.,
[42]). But the main point is that now the classical
interpretation (without probabilities) is possible.

In our papers [1-4] we often tried to develop
the classical electrodynamical interpretation of the
above considered facts. Now let us emphasize that
standard quantum mechanical Dirac’s (or spinor
classical field-theoretical) interpretation of course is
here also possible. In this case the above considered
facts only demonstrate in explicit forms the classical
electrodynamical aspect of the Dirac equation, which
explicit consideration is the main purpose of this
paper. The successors of magnetic monopole can try
to develop here the monopole interpretation (see [48]
for the review and some new ideas about monopole)
— we note that there are few interesting possibilities
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of interpretation but we want to mark first of all the
mathematical facts which are more important than
different ways of interpretation.

The mathematical grounds of the results under
consideration are demonstrated and explained by the
next section, see below.

4. The Unitary Relationship
Between the Relativistic
Quantum Mechanics and

Classical Electrodynamics in
Medium

Let us consider the connection between the
stationary Maxwell equations

curl H — weE = grad E°,
curl E — wuﬁ = —grad H,
divE = wiE°,

divH = —weH°

(50)

which follow from the system (32) after omitting
indices A, B, and the stationary Dirac equation
following from the ordinary Dirac equation

(iv"0, —mo ++°®) ¥ =0, V= (¥*)  (51)

with my # 0 and the interaction potential ® # 0.
Assuming the ordinary time dependence

U(z) = U(D)e ' = 9y¥(x) = —iwP(z) (52)

for the stationary states and using the standard Pauli-
Dirac representation for the v matrices, one obtains
the following system of equations for the components
U of the spinor V:
—jweW! + (81 - iag)\I/4 + 83\113 =0,
—iweW? + (9) +10,) T3 — 930* = 0,
—iwp T3 4 (9) — i0p) W2 + 93U =0,
—iwp Pt 4 (0) +i0o) W — 9302 = 0

(53)

where ¢ and p are the same as in (26). After
substitution in Eqs. (54) instead of ¥ the following
column

¥ = column |7H0 +iE3 —E? +iE!,
E°+iH®, —H?*+iH'| (54)

one obtains Egs. (50). A complete set of 8
transformations with the same role was obtained with
the help of the Pauli-Gursey symmetry operators [49]
in our papers [27,28].

The relationship (54) may be written down in
terms of unitary operator similarly to (8). The further
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consideration of unitary relationship between the
equations (50) and (53) is similar to the procedure of
Sec. 1 and may be omitted. The details were published
in [1,2].

The mathematical facts considered here prove the
one-to-one correspondence between the solutions of
the stationary Dirac equation and the stationary
Maxwell equations with 4-currents of gradient-like
type. Hence, one can, using (54), write down the
hydrogen solutions of the Maxwell equations (25)
(or (28)) starting from the well-known hydrogen
solutions of the Dirac equation (51), i.e. without
special procedure of finding the solutions of the
Maxwell equations, see [1,2].

5. Lamb Shift

It is very useful to consider the case of Lamb shift
in the approach presented here. This specific quantum
electrodynamical effect (as modern theory asserts)
can be described here in the framework of classical
electrodynamics of media. In order to obtain Lamb
shift one must add to ® (¥) = —Ze?/r in (26) the
quasipotential (known, e. g., from [50], which follows,
of course, from quantum electrodynamics)

Zet

60772m35(r) (55)
and solve the equations (25) for such medium similarly
to the procedure of Sec. 3 (of course, by another
approximation method). Finally one obtains the
Lamb shift correction to the Sommerfeld - Dirac
formula (43). Such Lamb shift can be interpreted
as a pure classical electrodynamical effect. It can be
considered here as a consequence of polarization of
medium (26) and not of polarization of such abstract
concept as vacuum in quantum electrodynamics.
Thus, we considered one more interesting classical
electrodynamical aspect of the Dirac equation.

6. A Brief Remark About
Gravity

The unified theory of electromagnetic and
gravitational phenomena may be constructed in
the approach under consideration in the following
way. The main primary equations again are written
as (25) and gravity is considered as a medium in
these equations, i. e. the electric ¢ and magnetic p
permeabilities of the medium are some functions of
the gravitational potential ®g,qy:

£ = 5((I)grau)7 H= M((Dgrav>- (56)

Gravity as a medium may generate all the
phenomena which in standard Einstein’s gravity are
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generated by Riemann geometry. For example, the
refraction of the light beam near a big mass star
is a typical medium effect in such a unified model
of electromagnetic and gravitational phenomena. The
idea of such consideration consists in the following.
The gravitational interaction between massive objects
may be represented as the interaction with some
medium, similarly as here (in Eqgs. (25)) the
electromagnetic interaction between charged particles
is considered.

7. Conclusion

One of the conclusions of our investigation
presented here and in [3, 4, 29, 30] is that a field
equation itself does not answer the question what
kind of particles (Bose or Fermi) is described by this
equation. To answer this question one needs to find
all the representations of the Poincaré group under
which the equation is invariant. If more than one
such Poincaré representations are found [3, 4, 29, 30],
including the representations with integer and half-
integer spins, then the given equation describes both
Bose and Fermi particles, and both quantization types
(Bose and Fermi) [31,32] of the field function, obeying
this equation, satisfy the microcausality condition.
The strict group-theoretical ground of this assertion is
the following [3,4]: both slightly generalized Maxwell
equations (1) (with e = px = 1) and Dirac equation (7)
(with mg = 0, ® = 0) are invariant with respect to
three different local representations of Poincaré group,
namely the standard spinor, vector and tensor-scalar
representations generating by the (0,1/2) ® (1/2,0),
(1/2,1/2), (0,1)®(0, 0) representations of the Lorentz
SL(2,C) group, respectively.

A few words can be said about the interpretation
of the Dirac ¥ function. As follows from the
consideration presented here, e.g., from the
relationships (8) and (54), the new interpretation
of the Dirac ¥ function can be suggested too: ¥
function is the combination of the electromagnetic

field strengths (E, ﬁ) and two scalar fields (EO7 HO)

generating the electromagnetic sources, i.e. in this
case the probability or Copenhagen interpretation of
the function ¥ is not necessary. Other interpretations
were considered in [39].

Thus, the Dirac equation today is still the
interesting object for different investigations. We hope
that we show here the relationship between the Dirac
and the Maxwell equations and the unknown for many
readers classical electrodynamical aspect of the Dirac
theory.
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